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https://www.youtube.com/watch?v=o5RN2P-0D3w
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BINASUAN
(PHILIPPINE WINE GLASS DANCE)

https://www.math.stonybrook.edu/~tony/fb-and-qt/Sci-Am-errata.pdf
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PARALLEL TRANSPORT
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CURVED SPACES
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OUTLINE

❑ Quantum geometry

❑ Spin-momentum locking

❑ Linear and nonlinear magnetotransport
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THE ORIGIN OF QUANTUM GEOMETRY

𝐻 𝐤 = 𝐡(𝐤) ∙ 𝛔

𝐸± 𝐤 = ±ℎ 𝐤

ൿ|𝜓± 𝐤 ~
±ℎ + ℎ𝑧

ℎ𝑥 + 𝑖ℎ𝑦

2ℎ
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THE ORIGIN OF QUANTUM GEOMETRY

ۧ|𝜓 𝐤 =
𝛼 + 𝑖𝛽

𝛾 + 𝑖𝛿

Normalization

Phase independence

𝛼2 + 𝛽2 + 𝛾2 = 1

𝛿 = 0

ۧ|𝜓 𝐤 =
cos

𝜃
2

𝑒−𝑖𝜑

sin
𝜃
2

[𝜃(𝐤), 𝜑(𝐤)]
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THE ORIGIN OF QUANTUM GEOMETRY

[𝜃(𝐤1), 𝜑(𝐤1)]
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14

THE ORIGIN OF QUANTUM GEOMETRY

[𝜃(𝐤1), 𝜑(𝐤1)]

[𝜃(𝐤2), 𝜑(𝐤2)]



15

THE ORIGIN OF QUANTUM GEOMETRY

[𝜃(𝐤1), 𝜑(𝐤1)]

[𝜃(𝐤2), 𝜑(𝐤2)]



16

THE ORIGIN OF QUANTUM GEOMETRY

[𝜃(𝐤1), 𝜑(𝐤1)]

[𝜃(𝐤2), 𝜑(𝐤2)]

𝐤𝑥

𝐤𝑦
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THE QUANTUM GEOMETRY

Quantum metric
𝑔𝑎𝑏

Berry curvature
Ω𝑎𝑏

Geometric connection
𝑄𝑎𝑏𝑐

𝑑𝑠2 = 𝑔𝑎𝑏𝑑𝑥𝑎𝑑𝑥𝑏 𝑑𝑆 = Ω𝑎𝑏 𝑑𝑥𝑎
1 ∧ 𝑑𝑥𝑏

2
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THE QUANTUM GEOMETRY

Quantum metric
𝑔𝑎𝑏

Berry curvature
Ω𝑎𝑏

Geometric connection
𝑄𝑎𝑏𝑐

𝑑𝑆 = sin 𝜃 𝑑𝜃𝑑𝜑𝑑𝑠2 = 𝑑𝜃2 + (sin 𝜃)2 𝑑𝜑2

𝑔𝑎𝑏 =
1

0

0

(sin 𝜃)2
Ω𝑎𝑏 =

0

− sin 𝜃

sin 𝜃

0
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THE QUANTUM GEOMETRY

Quantum metric
𝑔𝑎𝑏

Berry curvature
Ω𝑎𝑏

Geometric connection
𝑄𝑎𝑏𝑐

𝑔𝑎𝑏 =
1

4
𝜕𝑘𝑎 መ𝐡 ∙ 𝜕𝑘𝑏 መ𝐡

Ω𝑎𝑏 =
መ𝐡

2
∙ 𝜕𝑘𝑎 መ𝐡 × 𝜕𝑘𝑏 መ𝐡

𝐻 𝐤 = 𝐡(𝐤) ∙ 𝛔



20

THE QUANTUM GEOMETRY

Quantum metric
𝑔𝑎𝑏

Berry curvature
Ω𝑎𝑏

Geometric connection
𝑄𝑎𝑏𝑐

𝑙2 = 𝒗∗ ∙ 𝒗

𝒗 = [𝑎, 𝑏, 𝑐]
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THE QUANTUM GEOMETRY

Quantum metric
𝑔𝑎𝑏

Berry curvature
Ω𝑎𝑏

Geometric connection
𝑄𝑎𝑏𝑐

ۧ|Ψ 𝐤

ۧ|Ψ 𝐤 + 𝑑𝐤

𝑑𝑠2 = 1 − Ψ 𝐤 + 𝑑𝐤 Ψ 𝐤 2

= 

𝑖𝑗

𝑔𝑖𝑗𝑑𝐤𝑖𝑑𝐤𝑗
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WHY THE QUANTUM GEOMETRY?

Quantum metric
𝑔𝑎𝑏

Berry curvature
Ω𝑎𝑏

Geometric connection
𝑄𝑎𝑏𝑐

𝜑B = න
S

𝛀 ∙ 𝑑𝐒
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WHY THE QUANTUM GEOMETRY?

Quantum Hall effectQuantum Hall effect

Anomalous Hall effect(s)Anomalous Hall effect(s)

Berry phaseBerry phase

Topological states of matterTopological states of matter

Quantum metric
𝑔𝑎𝑏

Berry curvature
Ω𝑎𝑏

Geometric connection
𝑄𝑎𝑏𝑐

Berry, Geometric phases in physics 5, 1989
Chang, J. Phys. Condens. Matter 20, 193202, 2008

Nagaosa, Rev. Mod. Phys. 82, 1539, 2010
Hasan, Rev. Mod. Phys. 82, 3045, 2010

Orbital magnetismOrbital magnetism
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Quantum metric
𝑔𝑎𝑏

Berry curvature
Ω𝑎𝑏

𝐺𝑎𝑏 = 𝑔𝑎𝑏 −
𝑖

2
Ω𝑎𝑏

Tr[𝐠] ≥ 𝛀

Det[𝐠] ≥
𝛀2

4

Rossi, Curr. O. S. S. Mat. Sci. 25, 100952, 2021
Torma, Phys. Rev. Lett. 131, 240001, 2023

Liu, Nat. Sc. Rev. 12: nwae334, 2025
Verma, arXiv2504.07173v1

WHY THE QUANTUM GEOMETRY?

Geometric connection
𝑄𝑎𝑏𝑐
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Peotta, Nat. Comm. 6, 8944, 2015
Huhtinen, PRB 106, 014518, 2022
Tian, Nat. 614, 440, 2023 
Yu, arXiv2501.00098v1

Das, PRB 108, L201405, 2024
Kaplan, PRL 132, 026301, 2024
Mandal, PRB 110, 195131, 2024
Liu, Nat. Sc. Rev. 12: nwae334, 2025
Jiang, arXiv2503.04943v1

Ahn, PRX 10, 041041, 2020
Ahn, Nat. Phys. 18, 290, 2022

Ma, Nat. Rev. Phys. 5, 170, 2023
Komissarov, Nat. Comm. 15, 4621, 2024

Yu, Nat. Phys. 20, 1262, 2024

Orbital magnetismOrbital magnetism

Optical transitionsOptical transitions

Quantum fidelityQuantum fidelity

Nonlinear electronic transportNonlinear electronic transport

Flat-band superconductivityFlat-band superconductivity

Electron-phonon 
coupling

Electron-phonon 
coupling

Nonlinear valley Hall effectNonlinear valley Hall effect

Das, PRL 132, 096302, 2024

Gao, PRB 91, 214405, 2015
Piechon, PRB 94, 134423, 2016
Freimuth, PRB 95, 184428, 2017

Zanardi, PRL 99, 100603, 2007
Garnerone, PRA 79, 032302, 2009

WHY THE QUANTUM GEOMETRY?
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Tian, Nature 614, 440, 2023
Gao, Science 381, 181, 2023

Wang, Nature, 621, 487, 2023
Han, Nat. Phys. 20, 1110, 2024

Kang, Nat. Phys. 24, 2024

MnBi2Te4 Mn3SnMATBG

WHICH MATERIALS?

CoSn
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OUTLINE

❑ Quantum geometry

❑ Spin-momentum locking

❑ Linear and nonlinear magnetotransport
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SPIN-MOMENTUM LOCKING

ℋ =
ℏ2𝑘2

2𝑚
+ 𝛼 𝐤 × 𝐳 ∙ 𝛔

=  ℎ0 𝑘 𝕀 + 𝐡(𝐤) ∙ 𝝈

o Metallic surface states
o 2D electron gases
o Bulk Rashba semiconductors
o Topological surface states
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SPIN-MOMENTUM LOCKING

Quantum metric

𝑔𝑎𝑏 =
1

4
𝜕𝑘𝑎 መ𝐡 ∙ 𝜕𝑘𝑏 መ𝐡

=  ℎ0 𝑘 𝕀 + 𝐡(𝐤) ∙ 𝝈

ℋ =
ℏ2𝑘2

2𝑚
+ 𝛼 𝐤 × 𝐳 ∙ 𝛔
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SPIN-MOMENTUM LOCKING

ۧ|𝜓 𝜑, 𝜃 =
cos

𝜃
2

𝑒𝑖
𝜑
2

sin
𝜃
2

𝑒−𝑖
𝜑
2

𝜃 =
𝜋

2

|𝜓 0,
𝜋

2
=

1

2
1

2

|𝜓 0 + 2𝜋,
𝜋

2
=

−
1

2
1

2
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SPIN-MOMENTUM LOCKING

|𝜓 0,
𝜋

2
=

1

2
1

2

|𝜓 0 + 2𝜋,
𝜋

2
=

−
1

2
1

2
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SPIN-MOMENTUM LOCKING

Berry curvature

Ω𝑎𝑏 =
መ𝐡

2
∙ 𝜕𝑘𝑎 መ𝐡 × 𝜕𝑘𝑏 መ𝐡

ℋ =
ℏ2𝑘2

2𝑚
+ 𝛼 𝐤 × 𝐳 ∙ 𝛔

=  ℎ0 𝑘 𝕀 + 𝐡(𝐤) ∙ 𝝈

Quantum metric

𝑔𝑎𝑏 =
1

4
𝜕𝑘𝑎 መ𝐡 ∙ 𝜕𝑘𝑏 መ𝐡

𝛿(𝐤)
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SPIN-MOMENTUM LOCKING

Berry curvature

Ω𝑎𝑏 =
መ𝐡

2
∙ 𝜕𝑘𝑎 መ𝐡 × 𝜕𝑘𝑏 መ𝐡

=  ℎ0 𝑘 𝕀 + 𝐡(𝐤) ∙ 𝝈

Quantum metric

𝑔𝑎𝑏 =
1

4
𝜕𝑘𝑎 መ𝐡 ∙ 𝜕𝑘𝑏 መ𝐡

Lesne, Nat. Mater. 
22, 576, 2023 

ℋ =
ℏ2𝑘2

2𝑚
+ 𝛼 𝐤 × 𝐳 ∙ 𝛔 +

𝜆

2
𝑘+

3 + 𝑘−
3 𝜎𝑧

ky

kx

Ω𝑧
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SPIN-MOMENTUM LOCKING

Berry curvature Geometric connection

Ω𝑎𝑏 =
መ𝐡

2
∙ 𝜕𝑘𝑎 መ𝐡 × 𝜕𝑘𝑏 መ𝐡

=  ℎ0 𝑘 𝕀 + 𝐡(𝐤) ∙ 𝝈

Quantum metric

𝑔𝑎𝑏 =
1

4
𝜕𝑘𝑎 መ𝐡 ∙ 𝜕𝑘𝑏 መ𝐡

Lesne, Nat. Mater. 
22, 576, 2023 

ℋ =
ℏ2𝑘2

2𝑚
+ 𝛼 𝐤 × 𝐳 ∙ 𝛔 +

𝜆

2
𝑘+

3 + 𝑘−
3 𝜎𝑧

ky

kx

Ω𝑧

ky

kx

ky

kx

𝑄𝑥𝑥𝑥 𝑄𝑦𝑦𝑦
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THE QUANTUM GEOMETRY

Quantum metric
𝑔𝑎𝑏

Berry curvature
Ω𝑎𝑏

Geometric connection
𝑄𝑎𝑏𝑐

ky

kx

Ω𝑧

ky

kx

ky

kx

𝑄𝑥𝑥𝑥 𝑄𝑦𝑦𝑦
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OUTLINE

❑ Quantum geometry

❑ Spin-momentum locking

❑ Linear and nonlinear magnetotransport
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NONLINEAR ELECTRONIC TRANSPORT

𝑗𝑎 = 𝜎𝑎𝑏𝐸𝑏

1st
2nd

3rd

Mandal, Phys. Rev. B 110, 195131, 2024
Fang, Phys. Rev. Lett. 133, 106701, 2024

+ 𝜎𝑎𝑏𝑐𝐸𝑏𝐸𝑐 + 𝜎𝑎𝑏𝑐𝑑𝐸𝑏𝐸𝑐𝐸𝑑 …
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NONLINEAR ELECTRONIC TRANSPORT

Jiang, arXiv2503.04943v1



50 μm
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NONLINEAR ELECTRONIC TRANSPORT

• Lock-in amplifiers
• Cryogenic temperatures
• Magnetic fields
• Gate voltages

VL
(nω)

I (ω)

VH
(nω)
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NONLINEAR ELECTRONIC TRANSPORT

LaAlO3 / SrTiO3

z

Energy

2DEG

Ohtomo, Nature 427, 423, 2004
Reyren, Science 317, 1196, 2007
Caviglia, Nature 456, 624, 2008

König, Science 318, 5851, 2007
Hasan, Rev. Mod. Phys. 82, 3045, 2010

Sb2Te3
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BERRY CURVATURE – 1ω

ky

kx

Ω𝑧

LaAlO3 / SrTiO3

1st
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BERRY CURVATURE – 1ω
LaAlO3 / SrTiO3

1st

ky

kx

Ω𝑧

Iω
Vω

H

B
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QUANTUM METRIC – 2ω
LaAlO3 / SrTiO3

2nd



Iω

V2ω

B
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LaAlO3 / SrTiO3

2nd

QUANTUM METRIC – 2ω



Sb2Te3
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2nd

QUANTUM METRIC – 2ω

Iω

V2ω

B
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QUANTUM GEOMETRIC TENSOR

𝐺𝑥𝑦 = 𝑔𝑥𝑦 −
𝑖

2
Ω𝑥𝑦



ky

kx

ky

kx

𝑄𝑥𝑥𝑥 𝑄𝑦𝑦𝑦
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GEOMETRIC CONNECTION – 3ω
LaAlO3 / SrTiO3

3rd
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GEOMETRIC CONNECTION – 3ω
LaAlO3 / SrTiO3

3rd

Iω

V3ω

B

ky

kx

ky

kx

𝑄𝑦𝑦𝑦𝑄𝑥𝑥𝑥
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BEYOND QUANTUM GEOMETRY – NONLINEAR ORBITRONICS

LaAlO3 / SrTiO3

Iω
V2ω

H

B
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BEYOND QUANTUM GEOMETRY – NONLINEAR ORBITRONICS

M

Iω

IH
ω

Anomalous Hall

Nagaosa, Rev. Mod. Phys. 82, 1539, 2010

IH
2ω

Iω

Nonlinear anomalous Hall

Mω
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SUMMARY & OUTLOOK

[𝜃(𝐤1), 𝜑(𝐤1)]

[𝜃(𝐤2), 𝜑(𝐤2)]

Berry curvature 
& quantum metric in 

Rashba 2DEGs
https://arxiv.org/abs/2407.06659

accepted in Science

Quantum metric in 
topological insulators

In preparation

Geometric 
connection

In preparation

https://arxiv.org/abs/2407.06659
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