
Dense amorphous materials which exhibits a solid-like behaviour, or 'structural glasses’, are ubiquitous around us. They 
span a very wide range of experimental systems in soft matter, condensed matter, or biophysics, such as emulsions, foams, 
biological tissues, metallic glasses, etc. From a material sciences perspective, their structural disorder can be tuned 
depending on their initial preparation and the subsequent driving history. This has key implications for the 
mechanical and transport properties of such materials, quite distinct compared to crystalline materials, and paves the way 
to engineer specific disorder-induced properties.
Theoretical descriptions of dense amorphous materials remain challenging, though crucially needed for rationalising the 
wide range of observed dynamical features (and assessing their potential universality). One successful approach is based on 
coarsed-grained descriptions, with ad hoc effective ingredients. Another approach, which might seem more abstract at first, 
consists in playing with the spatial dimension. In this talk I will discuss which (exact) insights can be obtained from the 
infinite-dimensional limit, and why/how they can be informative for the low-dimensional space (2D, 3D) we 
actually live in.
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Dense amorphous materials

Emulsion droplets, sandwiched between two glass plates. 
Picture from Ken Desmond (Emory University).

Dense active matter

3. Results
3.1. Statistics of individual cell trajectories
We first analyse the structure and dynamics of cells in ecto-
derm and mesendoderm zebrafish explants. We reconstruct
the three-dimensional static positions for a subset of the
nuclei in the explant at each timepoint and estimate cell
shapes by taking a three-dimensional Voronoi tessellation
[33] of the nuclei positions. In both tissue types, the structure
of the tissue is disordered; the cell nuclei are not arranged in a
crystalline pattern, and the cell shapes are irregular poly-
hedra with roughly similar volumes. A two-dimensional
slice through the tissue therefore appears as curved polygons
with widely varying areas (figure 1a).

A second observation is that the tissue is confluent, where
there are no visible extracellular gaps in membrane-labelled
images. One way to quantify a cellular structure is the dimen-
sionless packing fraction f, which is the ratio of the sum of
the volumes of all the individual cells compared to the total
volume taken up by the aggregate. For tissues with extracellular
gaps, the packing fraction is less than one, but for completely
confluent tissues the packing fraction is unity. This value can
be directly compared with results from simulations.

To non-dimensionalize other observables, we define the
average effective radius R of cells by calculating the average
distance between nuclei in the middle of the aggregate,
which is 15+2 mm. Since the overlap between soft disor-
dered spheres at packing fraction unity is approximately
15% [35], we find that twice the effective radius averages
17 mm and the average effective radius is R ¼ 8+ 1 mm.

By combining the static three-dimensional positions of
nuclei from different timepoints, we can track them over time
and analyse their dynamics inside the tissue explants [32].

A standard metric for studying the motion of particles is
the mean-squared displacement (MSD), which is the square
of the net distance an individual particle moves as a function
of time, averaged over all particles. The motion of the nuclei
is diffusive if the MSD scales linearly with time and super
(sub)-diffusive if the MSD increases with the time to a
power greater (less) than one. For diffusive tissues in three
dimensions, the diffusion constant D is one-sixth the long
time limit of the ratio between the MSD and time.

Figure 1e shows the log of the MSD as a function of
log of the time for ectoderm and mesendoderm tissues.
We find that D¼ 0.22+0.05 mm2 min–1 for ectoderm and
D ¼ 0.60+0.05 mm2 min–1 for mesendoderm. Ectoderm and
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Figure 1. (a) Two-dimensional cross section of three-dimensional experimental tissue showing packing fraction unity. Cell membranes are labelled using Gap43GFP,
cell nuclei using Hoechst. (b,c) Two sample cell tracks extracted from experimental data illustrating ‘caging’ behaviour as described in the text. (d) Two-dimensional
cross section of three-dimensional tissue simulation, interfaces generated using a Voronoi tessellation and the surface evolver computer program [34]. (e) MSD data
for experimental ectoderm (thin dashed) and mesendoderm (solid) explants. Thick dashed lines are slope 1, drawn to guide the eye. ( f ) MSD data for best-fit
simulation parameters shown in natural units as discussed in the electronic supplementary material text. (g,h) Non-Gaussian parameter (described in text) for
experimental (g) and best-fit simulation (h) data achieve a maximum at a timescale tc discussed in the main text. Secondary peak at very short timescales
for ectoderm data is likely caused by misidentified features. (Online version in colour.)
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2D cross-section of zebrafish embryonic tissue 
E.-M. Schötz, et al. J. R. Soc. Interface 10, 20130726 (2013).
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simple assumptions to connect the microsopic phenomenol-
ogy to the macroscopic behavior and therefore have a central
position in the endeavor to bridge scales in the field (Rodney,
Tanguy, and Vandembroucq, 2011). To some extent, EPM
can be compared to classical lattice models of magnetic
systems, which permit the exploration of a number of
fundamental and practical issues, by retaining a few key
features such as local exchange and long-range dipolar
interactions, spin dynamics, local symmetries, etc., without
explicit incorporation of the more microscopic ingredients
about the electronic structure.
This review aims to articulate a coherent overview of the

state of the art of these EPM, starting in Sec. II with the
microscopic observations that guided the coarse-graining
efforts. We will discuss several possible practical implemen-
tations of coarse-grained systems of interacting elastoplastic
elements, considering the possible attributes of the building
blocks (Sec. III) and the more technical description of their
mutual interactions (Sec. IV). Section V is then concerned

with the widespread approximations of the effect of the stress
fluctuations resulting from these interactions. In Sec. VI we
describe the current understanding of strain localization based
on the study of EPM. Section VII focuses on the statistical
marks of criticality encountered when the system is driven
extremely slowly, especially in terms of the temporal and
spatial organization of stress fluctuations in “avalanches,”
while Sec. VIII describes the bulk rheology of amorphous
solids in response to a shear deformation. Section IX gives a
short perspective on the much less studied phenomena of
creep and aging. The review ends on a discussion of the
relation between EPM and several other descriptions of
mechanical response in disordered systems, in Sec. X, and
some final outlooks.
These sections are largely self-contained and can thus be

read separately. Sections II and III are both particularly well
suited as entry points for newcomers in the field, while
Secs. IV and V might be more technical and of greater
relevance for the experts interested in the implementation of

FIG. 1. Overview of amorphous solids. From left to right, top row: (1) golf club made of metallic glass, (2) toothpaste, (3) mayonnaise,
(4) coffee foam, and (5) soya beans. Second row: a transmission electron microscopy (TEM) image of a fractured bulk metallic glass
(Cu50Zr45Ti5) by X. Tong et al. (Shanghai University, China). Adapted from Tong et al., 2016. TEM image of blend (PLLA/PS)
nanoparticles obtained by miniemulsion polymerization, from L. Becker Peres et al. (UFSC, Brazil). Adapted from Peres et al., 2015.
Emulsion of water droplets in silicon oil observed with an optical microscope by N. Bremond (ESPCI Paris). From Bremond, Thiam,
and Bibette, 2008. A soap foam filmed in the lab by M. van Hecke (Leiden University, Netherlands). From Deen, 2016. Thin nylon
cylinders of different diameters pictured with a camera by B. Metzger (Aix Marseille University, France). From Miller et al., 2013. The
white scale bars are approximate. Just below, a chart of different amorphous materials classified by the size and the damping regime of
their elementary particles. Bottom: some popular modeling approaches, arranged according to the length scales of the materials for
which they were originally developed. STZ stands for the shear transformation zone theory of Langer (2008), and SGR for the soft
glassy rheology theory of Sollich et al. (1997).

Nicolas et al.: Deformation and flow of amorphous solids: …

Rev. Mod. Phys., Vol. 90, No. 4, October–December 2018 045006-3

A. Nicolas, E. E. Ferrero, K. Martens, J.-L. Barrat, Rev. Mod. Phys. 90, 045006 (2018).

Broad range of characteristic scales

Solid-like behaviours: Mechanics? Liquid-like behaviours: Rheology?



Disorder-induced properties

Mechanical properties: e.g. stress-strain curves
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Fig. 2. From ductile to brittle behavior. (A) The yielding regimes in the
simulation of a sheared glass for different degrees of annealing. Shown is
stress � as a function of the strain � for several preparation temperatures
Tini. For each Tini, three independent samples are shown. (B and C) Snap-
shots of nonaffine displacements between � = 0 and yielding at � = 0.13
for Tini = 0.120 (B) and at � = 0.119 for Tini = 0.062 (C). (D and E) Evidence
of a first-order yielding transition for well-annealed glasses. Shown is a
system-size dependence of the averaged stress–strain curve for Tini = 0.062,
showing a sharper stress drop for larger N (D). The associated susceptibil-
ity, �dis = N(h�2i� h�i2), becomes sharper as N increases (E). (Inset) The
divergence of the maximum of �dis is proportional to N shown with the
straight line.

discontinuous one for well-annealed glasses, which is associated
with a first-order transition that becomes weaker as the degree
of annealing decreases, and a continuous one, corresponding to
a smooth crossover, for poorly annealed materials. As discussed
in the next section, we also find a critical point at Tini,c ⇡ 0.095
that marks the limit between the two regimes.

In addition, the simulations give direct real-space insight into
the nature of yielding. We illustrate the prominent difference
between the two yielding regimes in the snapshots of nonaffine
displacements measured at yielding in Fig. 2 B and C (see SI
Appendix for corresponding movies). For a smooth yielding, we
find in Fig. 2B that the nonaffine displacements gradually fill
the box as � increases, and concomitantly the stress displays an
overshoot, as recently explored (56, 57). For the discontinuous

case, the sharp stress drop corresponds to the sudden emer-
gence of a system spanning shear band. By contrast with earlier
work on shear-banding materials (58, 59), the shear band in
Fig. 2C appears suddenly in a single infinitesimal strain incre-
ment and does not result from the accumulation of many stress
drops at large deformation. For an intermediate regime between
the discontinuous and continuous yielding (Tini ⇡ 0.1), strong
sample-to-sample fluctuations are observed. Some samples show
a sharp discontinuous yielding with a conspicuous shear band
(similar to Fig. 2C), whereas other samples show smooth yielding
with rather homogeneous deformation (similar to Fig. 2B). Such
large sample-to-sample fluctuations are typical for systems with
random critical points.

The Random Critical Point

Having identified a regime where yielding takes place through
a first-order discontinuity and a regime where it is a smooth
crossover, we now provide quantitative support for the exis-
tence of a critical point separating them, as one would indeed
expect on general grounds. The mean-field theory presented
above supports this scenario and suggests that the critical point
is in the universality class of an Ising model in a random
field. This criticality should not be confused with the marginal-
ity predicted to be present in sheared amorphous solids irre-
spective of the degree of annealing and of the value of the
strain (29, 50). This issue is discussed separately below and in
SI Appendix.

As shown in Fig. 1, the order parameter distinguishing the two
regimes of yielding is the macroscopic stress drop. In the simu-
lations, we measure its evolution by recording for each sample
the maximum stress drop ��max observed in the strain win-
dow � 2 [0, 0.3]. We have measured the mean value h��maxi as
a function of the preparation temperature Tini for several sys-
tem sizes N . At the largest temperature, no macroscopic stress
drop exists: h��maxi simply reflects stress drops along the plas-
tic branch and vanishes as h��maxi|Tini=0.2 ⇠N�0.4, as shown in
Fig. 3A, Inset. In the main panel of Fig. 3A, we subtract this trivial
behavior from h��maxi. We find that the maximum stress drop is
zero above Tini ⇡ 0.1 and nonzero for lower temperatures. The
system-size dependence confirms that this temperature evolu-
tion becomes crisp in the large-N limit, and we locate the critical
point at Tini,c ⇡ 0.095. Complementary information is provided
by studying the fluctuations of the maximum stress drop, which
can be quantified through their variance N (h��2

maxi� h��maxi2)
[not to be confused with the disconnected susceptibility �dis =
N (h�2i� h�i2)], shown in Fig. 3B. One finds that the variance

A B C

Fig. 3. Evidence of a random critical point. Mean (A) and variance (B) of ��max versus the preparation temperature Tini for several system sizes N. In A, we
plot h��maxi⇤ ⌘h��maxi� h��maxi|Tini=0.2 to subtract the trivial high-temperature dependence that vanishes at large N, as shown in Inset. The critical
temperature Tini,c ⇡ 0.095 is determined from the vanishing of the order parameter h��maxi⇤ in A and the growth of the maximum of the susceptibility
N(h��2

maxi� h��maxi2) in B. (C) Parametric plot of the connected and disconnected susceptibilities for all system sizes and several preparation temperatures.
The straight line corresponds to the scaling �dis _�2

con, as found in the RFIM.

Ozawa et al. PNAS | June 26, 2018 | vol. 115 | no. 26 | 6659

M. Ozawa et al., PNAS 115, 665 (2018).
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Rheological properties: e.g. flow curves, viscosity

3

models and concepts developed for one system often find
applications elsewhere in physics, from algorithmics to
biophysics [6]. Motivations to study glassy materials are
numerous. Glassy materials are everywhere around us
and therefore obviously attract interest beyond academic
research. At the same time, the glass conundrum pro-
vides theoretical physicists with deep fundamental ques-
tions since classical tools are sometimes not su�cient to
properly account for the glass state. Moreover, numeri-
cally simulating the dynamics of microscopically realistic
material on timescales that are experimentally relevant
remains a di�cult challenge, even with modern comput-
ers.

Studies on glassy materials constitute an exciting re-
search area where experiments, simulations and theoret-
ical calculations can meet, where both applied and fun-
damental problems are considered. How can one ob-
serve, understand, and theoretically describe the rich
phenomenology of glassy materials? What are the fun-
damental quantities and concepts that emerge from these
descriptions?

The outline of the article is as follows. In Sec. III
the phenomenology of glass-forming liquids is discussed.
In Sec. IV di↵erent types of glasses are described. We
then describe how computer simulations can provide deep
insights into the glass problem in Sec. V. The issue of
dynamic heterogeneity is tackled in Sec. VI. The main
theoretical perspectives currently available in the field
are then summarized in Sec. VII. The mean-field analysis
of the amorphous solid phase is reviewed in Sec. VIII. In
Sec. IX, we discuss novel developments in computational
studies. Aging and o↵-equilibrium phenomena occupy
Sec. X. Finally, issues that seem important for future
research are discussed in Sec. XI.

III. PHENOMENOLOGY

A. Basic facts

A vast majority of liquids (molecular liquids, poly-
meric liquids, etc) form a glass if cooled fast enough in
order to avoid the crystallisation transition [1]. Typi-
cal values of cooling rate in laboratory experiments are
0.1 � 100 K/min. The metastable phase reached in this
way is called ‘supercooled liquid’. In this regime the typi-
cal timescales increase in a dramatic way and they end up
to be many orders of magnitudes larger than microscopic
timescales at Tg, the glass transition temperature.

For example, around the melting temperature Tm, the
typical timescale ⌧↵ on which density fluctuations relax,
is of the order of

p
ma2/KBT , which corresponds to

few picoseconds (m is the molecular mass, T the tem-
perature, KB the Boltzmann constant and a a typical
distance between molecules). At Tg, which as a rule of
thumb is about 2

3Tm, this timescale ⌧↵ has become of the
order of 100 s, i.e. 14 orders of magnitude larger! This
phenomenon is accompanied by a concomitant increase

FIG. 1. Arrhenius plot of the viscosity of several glass-forming
liquids approaching the glass temperature Tg [2]. For ‘strong’
glasses, the viscosity increases in an Arrhenius manner as tem-
perature is decreased, log ⌘ ⇠ E/(KBT ), where E is an ac-
tivation energy and the plot is a straight line, as for silica.
For ‘fragile’ liquids, the plot is bent and the e↵ective activa-
tion energy increases when T is decreased towards Tg, as for
ortho-terphenyl.

of the shear viscosity ⌘. This can be understood by a
simple Maxwell model in which ⌘ and ⌧ are related by
⌘ = G1⌧↵, where G1 is the instantaneous (elastic) shear
modulus which does not vary considerably in the super-
cooled regime. In fact, viscosities at the glass transition
temperature are of the order of 1012 Pa.s. In order to
grasp how viscous this is, recall that the typical viscosity
of water (or wine) at ambient temperature is of the order
of 10�2 Pa.s. How long would one have to wait to drink
a glass of wine with a viscosity 1014 times larger?

As a matter of fact, the temperature at which the liquid
does not flow anymore and becomes an amorphous solid,
called a ‘glass’, is protocol dependent. It depends on
the cooling rate and on the patience of the person carry-
ing out the experiment: solidity is a timescale-dependent
notion. Pragmatically, Tg is defined as the temperature
at which the shear viscosity is equal to 1013 Poise (also
1012 Pa.s).

The increase of the relaxation timescale of supercooled
liquids is remarkable not only because of the large num-
ber of decades involved but also because of its tempera-
ture dependence. This is vividly demonstrated by plot-
ting the logarithm of the viscosity (or of the relaxation
time) as a function of Tg/T , as in Fig. 1. This is called
the ‘Angell’ plot [1], which is very helpful in classifying
supercooled liquids. A liquid is called strong or fragile de-
pending on its position in the Angell plot. Straight lines
correspond to ‘strong’ glass-formers and to an Arrhenius

P. G. Debenedetti & F. H. Stillinger, Nature 410, 259 (2001).

Glass transitionYielding transitionBrittle-to-ductile



Disorder-induced properties

Transport properties: e.g. density of two-level systems (TLSs)

R. C. Zeller & R. O. Pohl, Phys. Rev. B 4, 2029 (1971), 
"Thermal Conductivity and Specific Heat of 

Noncrystalline Solids"

R, C. ZE LLER AND R. G. PQHL
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FIG. 1. Thermal conductivity of crystalline and of vit-
reous Si02 and of crystalline KC1:CN (ncm-=4. 9x10~9
cm ). Sample dimensions; 5&5~40 mm, sandblasted
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surfaces. Heatflow parallel to g axis in the quartz sam-
ple. The data above 100'K for quartz after Eucken (Ref.
1) and for vitreous silica after Ratcliffe (Ref. 6). Note
that an impurity concentration of order 0.1% in the KCl
crystal results in a conductivity smaller than that of the
glass (the conductivity of pure KCl is similar to that of
quartz). In KCl: CN, the low conductivity is caused by
resonance scattering of the phonons by quasirotational
states with energies close to 1.6 and 18 cm ~ (0.13&10
and 1.4 &10 3 eV) (Ref. 4).

FIG. 2. Thermal conductivity of vitreous silica and
silica-based glasses. Vitreous silica: A. (Ref. 5), 8
(Ref. 2), C (Ref. 6), and D (Ref. 7). Borosilicate glass-
es, such as Pyrex (approximate composition by weight:
80% SiO,, 13% a,O,, 4% N,O, 2% A.l,O, , 0.4% K,O, 0.2%
Li2O): E (Ref. 9), E (Bef. 8), 6 (Ref. 2), and 8 (Ref.
13). Crown glass (unspecified composition): I (Ref. 10).
"Soft" soda-lime glass (approximate composition: 70%
SiO2, 15% Na2O, and 10% Cao): X (Refs. 11 and 12). A
summary of the chemical composition of glasses can be
found in Ref. 6.

phonon mean free path / is defined by

where E is the thermal conductivity, C„ the specific
heat of the plane lattice waves, and v the Debye sound
velocity, /at1 'K is found tobe of order 10 lcm in
glasses, i. e. , 100times the wavelength of the domi-

identical. Even noncrystalline solids with com-
pletely different chemical compositions, such as

s 14-1v varnishes 18 Se 12 and Geoa 19 all
have very similar conductivities (Fig. 3).
The only exceytions appear to be glass ceram-

ics ' such Rs Pyroceram, Rnd tile partially cl'ys-
tallizing yolymers, such as nylon and Teflone'4'~'33
and polyethylene. ' Their conductivities are consid-
erably smaller below 1 'K than those of the noncrys-
talline solids, they depend on the sample, and they
usually vary more rayidly with temperature. The
dependence of the conductivity on the crystallinity
of polyethylene has been studied by Salinger. 3

The complete lack of sensitivity to composition in
the noncrystalline solids would be understandable if
the conductivity were as low as it could possibly be,
corresponding to a diffusion of the vibrational en-
ergy from one atom to the neighboring ones. But
this is not the case. A crystal containing as few
as 0. 1% of foreign ions can have a conductivity lower
than that of the glasses (see Fig. i). If an average
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FIG. 3. Comparison of the thermal conductivity of vit-
reous silica with that of the polymer PMMA (Befs. 14-17)
sobd varnish (GE 7031) (Ref. 18), vitreous selenium
(Ref. 12), and vitreous Geo2 (germania) (Ref. 19). The
curve for silica is a composite curve after Fig. 2.

Crystal ~T3

Glass ~T2

Glass ~ plateau

Low-temperature anomalies 
in structural glasses

Tunable density of two-level 
systems (TLSs)?

“ordinary” glass (27). However, recent experiments conducted
in vapor-deposited glasses of the four isomers of Tris-naph-
thylbenzene have shown that anisotropy is unrelated to glass
stability, rather being a secondary feature that will appear more
or less prominently depending upon molecular structure (28).
In Fig. 3 we show that the low-q peak appears indeed in the

WAXS pattern of our vapor-deposited USG, whereas it is absent
in the conventionally prepared glass. The presence of this peak
for the USG should be related to some sort of molecular order
along the growth direction, perpendicular to the substrate, as
clearly revealed in the in-plane–out-of-plane diffraction experi-
ments of Fig. 3B. This orientation may be enabled by the high
mobility of the IMC molecules when they impinge the substrate
surface from the vapor (25). Molecular orientation in vapor-
deposited glassy films of organic semiconductors has been widely
recognized as a potential source to increase carrier mobility
through an enhancement of π-conjugation. The longer the mo-
lecular length is, the larger the anisotropy of the molecular ori-
entation becomes (29).
Let us discuss more specifically our case of IMC. In melt-

quenched or grinded amorphous IMC the most favorable nearest-
neighbor packing direction occurs normal to the plane containing
the indole ring, as occurs in the γ-crystalline polymorph. The

dominant XRD peak at 2θ ∼ 20° (Cu Kα, Fig. 3A) corresponds to
an average distance between nearest neighbors of 0.45 nm, which
matches the IMC molecular thickness when including the van der
Waals radii. Interaction between molecules thus occurs from hy-
drogen-bonding cyclic dimers through the carboxylic groups.
Nonetheless, vapor-deposited IMC glasses exhibit another strong
XRD peak at 2θ ∼ 8.5° (Fig. 3A), indicative of an additional order
within the structure, with a molecular packing distance of 1.1 nm.
This value approximately corresponds to the distance between
IMC molecules along the long axis. As we have verified from in-
plane and out-of-plane synchrotron XRD experiments (Fig. 3B),
molecular anisotropy occurs mainly in the growth direction. This is
again a strong indication of a layered growth (27).

Discussion
Our experimental work is not the first one reporting lack of TLS
in an amorphous solid. Nonetheless, previous reports (30–33)
claiming the absence of TLS in amorphous solids are scarce and
somewhat controversial. Angell et al. (34) proposed the desig-
nation of “superstrong liquids” for some “tetrahedral liquids”
which could be potential “perfect glasses,” with a residual entropy
near zero, and where the defect-related boson peak and TLS
excitations were weak or absent. Specifically, they identified two
instances where TLS had been reported to be absent: (i) amor-
phous silicon (a-Si) and (ii) low-density amorphous (LDA) water.
Let us stress, however, that Pohl and coworkers (30) did find

TLS in pure a-Si (the ideal superstrong liquid). It was only in
1 atomic % hydrogenated silicon where they observed a dramatic
reduction of the internal friction plateau, which is proportional
to the amount of TLS weighted by the TLS–phonon coupling
energy. The suppression of TLS in hydrogenated a-Si was attrib-
uted by the authors (30) to a more compact fourfold coordination
due to the passivation of the dangling bonds by the hydrogen,
hence producing an overconstrained vibrational network. On the
other hand, Hellman and coworkers (31, 32) have reported ther-
mal measurements suggesting a zero density of TLS in some a-Si
thin films. Their conclusion was based on the variation of the
specific heat above 2 K in a series of a-Si thin-film samples with
different densities and preparation methods. In general, mea-
surements in these and other tetrahedrally bonded amorphous
semiconductors have given conflicting results (32).
The case of amorphous water seems clearer in this respect. At low

temperatures, there are (at least) two different amorphous states of
water, high-density amorphous (HDA) and low-density amorphous
(LDA), associated with a high-density liquid (HDL) and a low-
density liquid (LDL), respectively. The LDL of water has been
found to be the strongest of all liquids known (35). Agladze and
Sievers (33) reported no far-infrared resonant absorption by TLS in
LDA ice at low temperature, whereas HDA ice exhibited the typical
TLS response of other glasses.
At first glance, one might thus ascribe the found suppression

of the tunneling TLS in USGs of IMC to the extraordinary sta-
bility (either thermodynamic or structural) of these particular

Table 1. Specific heat coefficients

Sample state cTLS (μJ/g·K2) cD (μJ/g·K4) cD
elas (μJ/g·K4)

Crystal –– 15.0 ± 0.3 ––

Conventional glass 13.7 ± 0.3 49.4 ± 0.2 51
USG-1 0.2 ± 0.9 46.4 ± 0.6 41
USG-2 0.02 ± 0.8 36.9 ± 0.4 41
Degraded USG 13.0 ± 0.7 40.6 ± 0.5 ––

Coefficients and statistical errors from the least-squares linear fits at low
temperatures to the function CP = cTLS·T + cD·T

3 (Fig. 2B). The last column
indicates the expected Debye coefficient cD

elas for conventional and USGs of
IMC, obtained from published elastic data at room temperature (24).

Fig. 2. Specific-heat data for USGs of IMC 50 μm- (USG-1) and 80 μm (USG-2)
thin films, compared with the crystalline phase (Debye extrapolated at lower
temperatures) and the conventional glass. A degraded USG (Materials and
Methods) has also been measured and is presented. Dashed lines show the
corresponding linear fits CP = cTLS·T + cD·T 3 for experimental data below 2 K.
(A) Debye-reduced CP/T

3 versus T representation; (B) CP/T versus T 2 plot at
very low temperatures to determine the TLS and the Debye coefficients,
which are given in Table 1.
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stability, rather being a secondary feature that will appear more
or less prominently depending upon molecular structure (28).
In Fig. 3 we show that the low-q peak appears indeed in the

WAXS pattern of our vapor-deposited USG, whereas it is absent
in the conventionally prepared glass. The presence of this peak
for the USG should be related to some sort of molecular order
along the growth direction, perpendicular to the substrate, as
clearly revealed in the in-plane–out-of-plane diffraction experi-
ments of Fig. 3B. This orientation may be enabled by the high
mobility of the IMC molecules when they impinge the substrate
surface from the vapor (25). Molecular orientation in vapor-
deposited glassy films of organic semiconductors has been widely
recognized as a potential source to increase carrier mobility
through an enhancement of π-conjugation. The longer the mo-
lecular length is, the larger the anisotropy of the molecular ori-
entation becomes (29).
Let us discuss more specifically our case of IMC. In melt-

quenched or grinded amorphous IMC the most favorable nearest-
neighbor packing direction occurs normal to the plane containing
the indole ring, as occurs in the γ-crystalline polymorph. The

dominant XRD peak at 2θ ∼ 20° (Cu Kα, Fig. 3A) corresponds to
an average distance between nearest neighbors of 0.45 nm, which
matches the IMC molecular thickness when including the van der
Waals radii. Interaction between molecules thus occurs from hy-
drogen-bonding cyclic dimers through the carboxylic groups.
Nonetheless, vapor-deposited IMC glasses exhibit another strong
XRD peak at 2θ ∼ 8.5° (Fig. 3A), indicative of an additional order
within the structure, with a molecular packing distance of 1.1 nm.
This value approximately corresponds to the distance between
IMC molecules along the long axis. As we have verified from in-
plane and out-of-plane synchrotron XRD experiments (Fig. 3B),
molecular anisotropy occurs mainly in the growth direction. This is
again a strong indication of a layered growth (27).

Discussion
Our experimental work is not the first one reporting lack of TLS
in an amorphous solid. Nonetheless, previous reports (30–33)
claiming the absence of TLS in amorphous solids are scarce and
somewhat controversial. Angell et al. (34) proposed the desig-
nation of “superstrong liquids” for some “tetrahedral liquids”
which could be potential “perfect glasses,” with a residual entropy
near zero, and where the defect-related boson peak and TLS
excitations were weak or absent. Specifically, they identified two
instances where TLS had been reported to be absent: (i) amor-
phous silicon (a-Si) and (ii) low-density amorphous (LDA) water.
Let us stress, however, that Pohl and coworkers (30) did find

TLS in pure a-Si (the ideal superstrong liquid). It was only in
1 atomic % hydrogenated silicon where they observed a dramatic
reduction of the internal friction plateau, which is proportional
to the amount of TLS weighted by the TLS–phonon coupling
energy. The suppression of TLS in hydrogenated a-Si was attrib-
uted by the authors (30) to a more compact fourfold coordination
due to the passivation of the dangling bonds by the hydrogen,
hence producing an overconstrained vibrational network. On the
other hand, Hellman and coworkers (31, 32) have reported ther-
mal measurements suggesting a zero density of TLS in some a-Si
thin films. Their conclusion was based on the variation of the
specific heat above 2 K in a series of a-Si thin-film samples with
different densities and preparation methods. In general, mea-
surements in these and other tetrahedrally bonded amorphous
semiconductors have given conflicting results (32).
The case of amorphous water seems clearer in this respect. At low

temperatures, there are (at least) two different amorphous states of
water, high-density amorphous (HDA) and low-density amorphous
(LDA), associated with a high-density liquid (HDL) and a low-
density liquid (LDL), respectively. The LDL of water has been
found to be the strongest of all liquids known (35). Agladze and
Sievers (33) reported no far-infrared resonant absorption by TLS in
LDA ice at low temperature, whereas HDA ice exhibited the typical
TLS response of other glasses.
At first glance, one might thus ascribe the found suppression

of the tunneling TLS in USGs of IMC to the extraordinary sta-
bility (either thermodynamic or structural) of these particular

Table 1. Specific heat coefficients

Sample state cTLS (μJ/g·K2) cD (μJ/g·K4) cD
elas (μJ/g·K4)

Crystal –– 15.0 ± 0.3 ––

Conventional glass 13.7 ± 0.3 49.4 ± 0.2 51
USG-1 0.2 ± 0.9 46.4 ± 0.6 41
USG-2 0.02 ± 0.8 36.9 ± 0.4 41
Degraded USG 13.0 ± 0.7 40.6 ± 0.5 ––

Coefficients and statistical errors from the least-squares linear fits at low
temperatures to the function CP = cTLS·T + cD·T

3 (Fig. 2B). The last column
indicates the expected Debye coefficient cD

elas for conventional and USGs of
IMC, obtained from published elastic data at room temperature (24).

Fig. 2. Specific-heat data for USGs of IMC 50 μm- (USG-1) and 80 μm (USG-2)
thin films, compared with the crystalline phase (Debye extrapolated at lower
temperatures) and the conventional glass. A degraded USG (Materials and
Methods) has also been measured and is presented. Dashed lines show the
corresponding linear fits CP = cTLS·T + cD·T 3 for experimental data below 2 K.
(A) Debye-reduced CP/T

3 versus T representation; (B) CP/T versus T 2 plot at
very low temperatures to determine the TLS and the Debye coefficients,
which are given in Table 1.
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Disorder-induced properties

Optical properties: e.g. structural colors

Brand new review: K.  Vynck et al., "Light in correlated disordered media", Rev. Mod. Phys. 95, 045003 (2023).

light transport was evidenced in a recent work by Pattelli et al.
(2018), who used a GPU implementation of the T-matrix
method (Egel et al., 2017) to investigate scattering by large
assemblies of particles on a wide range of parameters.
Simulations reveal that, given the wavelength, the particle
size, and the refractive index, the shortest transport mean free
path is obtained at intermediate degrees of correlations and
particle densities. Although much remains to be understood,
photonic glasses and all resonant dense scattering media have
demonstrated their great versatility and efficiency to harness
light scattering and transport, with interesting applications in,
for instance, structural colors and random lasing, as discussed
in Sec. VI.

5. Modified diffusion in imperfect photonic crystals

An extreme case of correlated disordered media is that of a
disordered photonic crystals, in which long-range order is
established by the almost-periodic structure and scattering can
be induced by imperfections, defects, or intentional contami-
nation with additional scattering elements. In a crystal, light
propagation is dictated by the photonic band diagram that
maps the frequency–wave vector relation of propagating
Bloch modes (Joannopoulos et al., 2011). Perfectly periodic
structures are typically characterized by strong variations of
the group velocity and the formation of partial (or even
complete) photonic gaps corresponding to a lack of propa-
gating states. The scattering cross section of a defect typically
increases with the reduction of the group velocity and light
will scatter only where propagating states exist, and therefore
scatter anisotropically.
Multiple scattering and transport of light are expected to

be strongly affected, while a more quantitative prediction
requires a precise modeling of the kind of scattering and the
crystal topology. Pioneering experiments on coherent back-
scattering (Koenderink et al., 2000; Huang et al., 2001) and
diffuse light transport (Astratov et al., 1995; Vlasov,
Kaliteevski, and Nikolaev, 1999) in photonic crystals
searched for signatures of Bloch-mode-mediated scattering
but showed merely standard light diffusion (Koenderink,
Lagendijk, and Vos, 2005; Rengarajan et al., 2005; Aeby
et al., 2021). Single light scattering in a disordered photonic
crystal has been measured, with clear modification of the
scattering mean free path around the band gap (García et al.,
2009), reflection studies have shown anisotropic scattering
(Haines et al., 2012), and dynamical studies have shown
exceptionally reduced diffusion constants (Toninelli
et al., 2008).
Instead of relying on natural imperfections in otherwise

ordered photonic crystals, correlated disordered media can be
made by creating lattice vacancies in photonic crystals (García
et al., 2011). In these structures, the scattering and transport
mean free paths, as well as the diffusion constant, have been
measured to present strong dispersion (García et al., 2011).
The transition from order to disorder in the structure and its
impact on the transport parameters is still an active field of
research (Priya et al., 2018), which has also served as
motivation for the development of hyperuniform materials,
where such a transition can be driven by a single parameter, as
discussed in Sec. V.

B. Anomalous transport in media with large-scale heterogeneity

We have been concerned thus far with systems for which
the distribution pN for the number of scatterers in a window of
volume V ≫ 1=ρ has a small variance, thereby making the
system appear quite homogeneous on the scale of tens or
hundreds of scatterers. Here we are concerned with disordered
systems exhibiting large-scale heterogeneities leading to a
large variance, also known as positively correlated systems, as
described in Sec. III. Such systems are ubiquitous in nature, a
well-known example being cloudy atmospheres (Marshak and
Davis, 2005). The density of droplets in suspension in clouds
can indeed fluctuate over orders of magnitude. As illustrated
in the right panel of Fig. 4, one may find sparse as well as
denser regions, implying a strongly fluctuating scattering
efficiency. Research on the topic has experienced numerous
developments, most notably in the framework of transport
theory in so-called non-Markovian stochastic mixtures, also
known as nonclassical transport theory (Pomraning, 1991).
For a recent and thorough review of the literature on non-
classical transport, see d’Eon (2022). As we now see, despite
the absence of coherent interference effects between neigh-
boring scatterers, such long-range correlations have a dramatic
impact on transport, as illustrated in Fig. 8.

1. Radiative transfer with nonexponential extinction

The first element to describe radiative transfer is extinction.
Equations (11) and (12) in Sec. II impose the condition that
the coherent intensity jhEij2 should decay exponentially on an
average distance given by the extinction mean free path le. In
strongly heterogeneous media, however, one may anticipate
that the decay will be slower than exponential. An intuitive

FIG. 8. Impact of large-scale heterogeneity on transport in
multiple-scattering media. (a) Sketch of a transport process in
a statistically homogeneous medium (the gray-shaded area).
Within radiative transfer, transport can be described as a
random-walk process with an exponentially decaying step-length
distribution. For thick media, transport is well described by the
diffusion equation. (b) Sketch of transport in a scattering medium
containing large nonscattering regions (white disks). Transport is
driven by long steps, making the step-length distribution no
longer exponential. For certain systems with fractal hetero-
geneity, such as Lévy glasses (Bertolotti et al., 2010), transport
can experience a transient superdiffusive behavior.
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size, and the refractive index, the shortest transport mean free
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demonstrated their great versatility and efficiency to harness
light scattering and transport, with interesting applications in,
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propagation is dictated by the photonic band diagram that
maps the frequency–wave vector relation of propagating
Bloch modes (Joannopoulos et al., 2011). Perfectly periodic
structures are typically characterized by strong variations of
the group velocity and the formation of partial (or even
complete) photonic gaps corresponding to a lack of propa-
gating states. The scattering cross section of a defect typically
increases with the reduction of the group velocity and light
will scatter only where propagating states exist, and therefore
scatter anisotropically.
Multiple scattering and transport of light are expected to

be strongly affected, while a more quantitative prediction
requires a precise modeling of the kind of scattering and the
crystal topology. Pioneering experiments on coherent back-
scattering (Koenderink et al., 2000; Huang et al., 2001) and
diffuse light transport (Astratov et al., 1995; Vlasov,
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searched for signatures of Bloch-mode-mediated scattering
but showed merely standard light diffusion (Koenderink,
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measured to present strong dispersion (García et al., 2011).
The transition from order to disorder in the structure and its
impact on the transport parameters is still an active field of
research (Priya et al., 2018), which has also served as
motivation for the development of hyperuniform materials,
where such a transition can be driven by a single parameter, as
discussed in Sec. V.

B. Anomalous transport in media with large-scale heterogeneity

We have been concerned thus far with systems for which
the distribution pN for the number of scatterers in a window of
volume V ≫ 1=ρ has a small variance, thereby making the
system appear quite homogeneous on the scale of tens or
hundreds of scatterers. Here we are concerned with disordered
systems exhibiting large-scale heterogeneities leading to a
large variance, also known as positively correlated systems, as
described in Sec. III. Such systems are ubiquitous in nature, a
well-known example being cloudy atmospheres (Marshak and
Davis, 2005). The density of droplets in suspension in clouds
can indeed fluctuate over orders of magnitude. As illustrated
in the right panel of Fig. 4, one may find sparse as well as
denser regions, implying a strongly fluctuating scattering
efficiency. Research on the topic has experienced numerous
developments, most notably in the framework of transport
theory in so-called non-Markovian stochastic mixtures, also
known as nonclassical transport theory (Pomraning, 1991).
For a recent and thorough review of the literature on non-
classical transport, see d’Eon (2022). As we now see, despite
the absence of coherent interference effects between neigh-
boring scatterers, such long-range correlations have a dramatic
impact on transport, as illustrated in Fig. 8.

1. Radiative transfer with nonexponential extinction

The first element to describe radiative transfer is extinction.
Equations (11) and (12) in Sec. II impose the condition that
the coherent intensity jhEij2 should decay exponentially on an
average distance given by the extinction mean free path le. In
strongly heterogeneous media, however, one may anticipate
that the decay will be slower than exponential. An intuitive

FIG. 8. Impact of large-scale heterogeneity on transport in
multiple-scattering media. (a) Sketch of a transport process in
a statistically homogeneous medium (the gray-shaded area).
Within radiative transfer, transport can be described as a
random-walk process with an exponentially decaying step-length
distribution. For thick media, transport is well described by the
diffusion equation. (b) Sketch of transport in a scattering medium
containing large nonscattering regions (white disks). Transport is
driven by long steps, making the step-length distribution no
longer exponential. For certain systems with fractal hetero-
geneity, such as Lévy glasses (Bertolotti et al., 2010), transport
can experience a transient superdiffusive behavior.
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(Fig. 16) is an opaque medium in which laser light is
generated along random paths in all directions, and over a
broad spectral range with complex temporal profiles (Leonetti,
Conti, and Lopez, 2011).
In the multiple-scattering regime, the random lasing thresh-

old can be related to a critical volume or size such that lasing
action can be achieved only for sample sizes larger than this
critical dimension. As with the critical volume in a neutron
bomb, the critical size ensures that the photons sustain net
amplification, and therefore that the light emerging from the
sample is due mostly to spontaneous emission. For a three-
dimensional scattering medium with isotropic scattering and
no correlation embedded in a slab geometry, the critical
thickness Lcr has been calculated using the radiative transfer
equation Pierrat and Carminati, 2007) and is the solution of

1

ls
−

1

lg
¼ π

ðLcr þ 2z0Þ tan ½πls=ðLcr þ 2z0Þ&
; ð143Þ

where z0 ¼ 0.7104ls is the extrapolation length and lg is the
net-gain length. Equation (143) reduces to Lcr ¼ π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lslg=3

p

in the diffusive limit with z0 ¼ 0. For anisotropic scattering,
we get Lcr ¼ π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ltlg=3

p
. In typical samples, the critical length

is of the order of 1 to 100 μm [for instance, Lcr ∼ lt with
lt ∼ 4 μm given by Caixeiro et al. (2016) and Lcr ∼ 300ls
given by Froufe-Pérez et al. (2009)].

The initial scattering architectures for lasing have been 3D
disordered semiconductor powders or randomly fluctuating
colloids in solution, which can be well thought of and
described as a random cloud of dipoles (i.e., without any
correlation). Pure randomness is the assumption that simpli-
fies the complexity of the problem to make it treatable with
theoretical models. Despite the many successes of this type of
uncorrelated disorder, a new generation of disordered lasing
architectures with more robust and collective light-trapping
schemes (Gottardo et al., 2008) and new topologies (Gaio
et al., 2019) has emerged.
In particular, spatial correlations between scatterers is an

effective approach for tuning the spectral properties, the
number of lasing modes, and their threshold by designing
photonic band-edge states at the position of the gain. For
example, localized modes near the edge of a 2D photonic gap
have been exploited for random lasing (Liu et al., 2014) and
single-mode operation has been achieved in compositionally
disordered photonic crystals (Lee et al., 2019). The role of the
gap edge has been highlighted in semiconductor membranes
with pseudorandom patterning (Yang, Boriskina et al., 2010),
randomly mixed photonic crystals (Kim et al., 2010), and
amorphous network structures (Wan et al., 2011), while in
photonic amorphous structures, the short-range order
improves optical confinement and enhances the quality factor
of lasing modes (Yang et al., 2011).
Modeling lasing action in correlated disordered media is

often a challenge. In particular, lasing occurs for the modes
with highest net gain, often escaping the transport models that

FIG. 16. Conventional vs random lasing. While a conventional
laser (left panel) is usually composed of a two-mirror cavity that
defines the optical modes, a random laser (right panel) exploits
the confinement by multiple scattering to enhance the probability
of stimulated emission. It lases on the “speckle” modes of the
disordered medium, either delocalized (bottom left) or localized
(bottom right). In both lasers lasing occurs when the gain is larger
than the losses, above a certain pumping threshold energy, when
stimulated emission becomes the dominant emission process.
Lasing peaks can appear in both diffusive and localized regimes
but are easily washed out by temporal or spatial averaging in
diffusive media. Adapted from Sapienza, 2019.

FIG. 17. (a) Kingfisher. The angular-independent blue (light
gray) coloration of the bird feather is the result of a correlated 3D
structure, which is shown in the SEM image in (b). See Stavenga
et al. (2011) for more information. (a) Courtesy of Pixabay.
(b) Courtesy of Bodo Wilts (University of Salzburg). (c) Pachyr-
hynchus sarcitis weevils. The blue (light gray) colored spot in the
weevil exoskeleton are the results of a polydomain diamond
photonic structure, which is shown in the SEM image in (d). (c),
(d): Adapted from Chang et al., 2020.
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bomb, the critical size ensures that the photons sustain net
amplification, and therefore that the light emerging from the
sample is due mostly to spontaneous emission. For a three-
dimensional scattering medium with isotropic scattering and
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thickness Lcr has been calculated using the radiative transfer
equation Pierrat and Carminati, 2007) and is the solution of

1

ls
−

1

lg
¼ π

ðLcr þ 2z0Þ tan ½πls=ðLcr þ 2z0Þ&
; ð143Þ

where z0 ¼ 0.7104ls is the extrapolation length and lg is the
net-gain length. Equation (143) reduces to Lcr ¼ π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lslg=3

p

in the diffusive limit with z0 ¼ 0. For anisotropic scattering,
we get Lcr ¼ π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ltlg=3

p
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is of the order of 1 to 100 μm [for instance, Lcr ∼ lt with
lt ∼ 4 μm given by Caixeiro et al. (2016) and Lcr ∼ 300ls
given by Froufe-Pérez et al. (2009)].

The initial scattering architectures for lasing have been 3D
disordered semiconductor powders or randomly fluctuating
colloids in solution, which can be well thought of and
described as a random cloud of dipoles (i.e., without any
correlation). Pure randomness is the assumption that simpli-
fies the complexity of the problem to make it treatable with
theoretical models. Despite the many successes of this type of
uncorrelated disorder, a new generation of disordered lasing
architectures with more robust and collective light-trapping
schemes (Gottardo et al., 2008) and new topologies (Gaio
et al., 2019) has emerged.
In particular, spatial correlations between scatterers is an

effective approach for tuning the spectral properties, the
number of lasing modes, and their threshold by designing
photonic band-edge states at the position of the gain. For
example, localized modes near the edge of a 2D photonic gap
have been exploited for random lasing (Liu et al., 2014) and
single-mode operation has been achieved in compositionally
disordered photonic crystals (Lee et al., 2019). The role of the
gap edge has been highlighted in semiconductor membranes
with pseudorandom patterning (Yang, Boriskina et al., 2010),
randomly mixed photonic crystals (Kim et al., 2010), and
amorphous network structures (Wan et al., 2011), while in
photonic amorphous structures, the short-range order
improves optical confinement and enhances the quality factor
of lasing modes (Yang et al., 2011).
Modeling lasing action in correlated disordered media is

often a challenge. In particular, lasing occurs for the modes
with highest net gain, often escaping the transport models that

FIG. 16. Conventional vs random lasing. While a conventional
laser (left panel) is usually composed of a two-mirror cavity that
defines the optical modes, a random laser (right panel) exploits
the confinement by multiple scattering to enhance the probability
of stimulated emission. It lases on the “speckle” modes of the
disordered medium, either delocalized (bottom left) or localized
(bottom right). In both lasers lasing occurs when the gain is larger
than the losses, above a certain pumping threshold energy, when
stimulated emission becomes the dominant emission process.
Lasing peaks can appear in both diffusive and localized regimes
but are easily washed out by temporal or spatial averaging in
diffusive media. Adapted from Sapienza, 2019.

FIG. 17. (a) Kingfisher. The angular-independent blue (light
gray) coloration of the bird feather is the result of a correlated 3D
structure, which is shown in the SEM image in (b). See Stavenga
et al. (2011) for more information. (a) Courtesy of Pixabay.
(b) Courtesy of Bodo Wilts (University of Salzburg). (c) Pachyr-
hynchus sarcitis weevils. The blue (light gray) colored spot in the
weevil exoskeleton are the results of a polydomain diamond
photonic structure, which is shown in the SEM image in (d). (c),
(d): Adapted from Chang et al., 2020.

Kevin Vynck et al.: Light in correlated disordered media

Rev. Mod. Phys., Vol. 95, No. 4, October–December 2023 045003-41

Segev, M., Y. Silberberg, and D. N. Christodoulides, 2013, “Ander-
son localization of light,” Nat. Photonics 7, 197–204.

Sellers, S. R., W. Man, S. Sahba, and M. Florescu, 2017, “Local self-
uniformity in photonic networks,” Nat. Commun. 8, 14439.
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FIG. 1. Schematic density of states for an equilibrated liquid at
temperature T . When a gapped glass is heated to a temperature Ta for
a duration ta, as sketched in the inset, modes beyond the gap act as a
reservoir of excitations that can be thermally activated. It fills up the
gap, leading, for small ω, to a pseudogap D(ω) ≈ DL (ω) ≈ A4 ω4.
This effect is exponentially diminished if ωc increases (correspond-
ing to a decrease of T as predicted by the infinite-dimensional
mean-field description near the glass transition).

ultrastable glasses of controlled gap magnitude ωc. Then, as
sketched in Fig. 1, we transiently reheat these glasses, with
a standard molecular dynamics simulation, at a low tem-
perature Ta for a duration ta, before quenching them back
to zero temperature. Our central results are that (a) thermal
fluctuations, even small, destroy the gap and we recover a
density DL(ω) ≈ A4 ω4; the prefactor A4(Ta, ta) depends very
mildly on ta but presents an Arrhenius dependence on tem-
perature with A4 ∼ exp(−Ea/Ta) (in our temperature units
the Boltzmann constant kB = 1). (b) The activation energy
Ea rapidly increases with the gap magnitude ωc. (c) We in-
troduce an algorithm to decompose the rearrangements into
elementary excitations, and find that they involve fewer par-
ticles for larger gap values, and eventually become stringlike
for our largest gap. We propose a scaling argument for their
decreasing size. Overall, these results suggest to describe
equilibrated liquids perturbatively as gapped states decorated
by thermally activated excitations whose characteristic en-
ergy is controlled by the gap itself, leading to a contribution
with A4 ∼ exp(−Ea(ωc(T ))/T ). We discuss the implications
of this picture, sketched in Fig. 1, for the density of these
various excitations, for their effect on plasticity and on low-
temperature properties of glasses as well as for the glass
transition.

II. GENERATING GAPPED GLASSES

To generate ultrastable glasses displaying a finite gap, we
follow a procedure similar to [35]. We consider breathing
particles whose individual size can vary according to an en-
ergetic cost of characteristic stiffness K (see Appendix B).
The particles interact with a repulsive potential, up to a finite
cutoff radius, chosen such that the potential remains contin-
uous up to its third derivative [38] and thus allowing for a
well-defined Hessian. At a given temperature, this system
is known to be thermodynamically equivalent to a system
of given (and continuous) polydispersity, and can be simu-
lated using a usual molecular dynamics (MD). Including this

FIG. 2. (a) Distribution of particle radii, normalized by the num-
ber density ρ = N/〈V 〉, for different values of stiffness K (the
particle sizes are narrowly distributed when K is large). (b) Density
of quasilocalized modes displaying a finite gap ωc, in contrast to
the usual pseudogap scaling DL (ω) ∼ ω4 indicated with a dashed
line. The gap values ωc ≈ {1.64, 1.19, 0.85, 0.65} corresponding, re-
spectively, to K = {102, 103, 3 × 103, 104} are indicated using ticks,
following the same color code. Physically, decreasing K results to a
larger gap and thus a more stable glass, and is associated to a larger
polydispersity.

breathing degrees of freedom leads to a giant shortening of
the equilibration time, comparable to that of swap algorithms
[37,39]. In practice, we perform MD with breathing particles
for a long duration tp at a temperature Tp(K ), chosen such as
to minimize the energy of the states eventually obtained (see
Appendix C), before quenching using a FIRE algorithm [40]
in which particles can still breathe.

The polydispersity obtained for various values of stiffness
K is shown in Fig. 2(a) for N = 8000 particles, in three di-
mensions and at fixed pressure. Next, we freeze the radius of
each particle, and compute the usual Hessian of the potential
energy: its eigenvectors correspond to the vibrational modes
of the glass, and its eigenvalues are denoted ω2 since they
correspond directly to the frequencies of vibrational modes,
as we take the particle mass to be unity. Showing that these
states are gapped requires considerable statistics; in fact, we
collect the spectra of n = 4000 independent realizations (see
Appendix A for a precise statement) and average them in order
to obtain the density of vibrational modes D(ω). We empha-
size that for the considered small system size, quasilocalized
modes are already found below the first plane waves [20].

D(ω) turns out to display a gap: there are no quasilo-
calized modes below a finite frequency ωc. Since we find
ωc to be even higher than the frequencies of the first
plane waves for K = {102, 103} we manually remove them
in order to measure the density of quasilocalized modes
DL(ω), as shown in Fig. 2(b). We extract ωc by fitting a
power law DL(ω) ∼ (ω − ωc)ζ , and obtain the values ωc =
{1.64, 1.19, 0.85, 0.65}, for K = {102, 103, 3 × 103, 104}, in-
dicated with markers in Fig. 2(b). Note that if we consider
instead the minimal frequency observed as an estimate for ωc,
our conclusions below are not affected (see Appendix D).

III. FILLING UP THE GAP VIA THERMAL ACTIVATION

To test the robustness of gapped states to thermal fluctua-
tions, we reheat our samples to a temperature Ta and run MD
simulations for a duration ta, before applying an instantaneous
quench to zero temperature. This procedure is sketched in
Fig. 1 (and further detailed in Appendix B), and is entirely

062110-2

<latexit sha1_base64="X205xcunjxjvcR8RZWhmnN28RKI="></latexit>

D
(!

)

<latexit sha1_base64="FzabMH1FG/3snQkfZd8YE4xwc6A="></latexit>

!

<latexit sha1_base64="wh3D4et1+KYKSdPpOQjZw9lSW78="></latexit>

T %



In practice: numerics/analytics

Microscopic descriptions: Langevin-like dynamics
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This dependence of the variance F on the spatial correlations of local displacements is in fact physically expected and can be
simply understood in the following two opposite limits: for an infinite correlation length ⇠, all the {c̃i} would be the same, and
there would be no relative displacements, so for ⇠ ! 1 their distribution should consistently tend to P(cij) / �(|cij|); in the
opposite limit, the variance F diverges, so we actually need to have a finite correlation ⇠ > 0 to keep it regular, as it is physically
the case when we consider discrete interacting particles instead of a true continuum of local displacements. If we assume f⇠(x)
to be a normalised Gaussian function, we can compute explicitly F:

f⇠(x) =
e�x2/(2⇠2)
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thus predicting a crossover of the ⇠-dependence depending on the ratio `/⇠, with F ⇠ 1/⇠ at `/⇠ � 1 and F ⇠ 1/⇠3 at `/⇠ ⌧ 1.
Technically, these specific scalings rely on the functional form of the even correlator f⇠(x) = ⇠�1f1(x/⇠), valid in particular
for f⇠ being a Gaussian function. Nevertheless, the decrease of F with an increasing correlation length ⇠ must be qualitatively
robust with respect to alternative (physical) choices for f⇠(x).

As a concluding remark, we note that such a correlation length exists under global shear (thus for the AQS protocol as well),
and indeed it was the motivation for the creation of the AQRD protocol in Ref. [1]. Indeed, when we shear a finite-size system
with periodic boundary conditions, the individual affine motions are by construction correlated on a finite portion of the whole
system, with a periodicity of twice the system size, so the value of ⇠ is set once and for all. Note that this statement is only true
in the laboratory frame, since in the co-shearing frame the affine motions are by definition set to zero, so the associated local
displacements have to be defined in the laboratory frame in order to be able to establish a direct connection between the global
shear and random-local-displacements protocols. An intermediate case is to have regularly patterned local displacements, chosen
such as to be compatible with the periodic boundary conditions), where we can tune the correlation length ⇠. Such settings has
also been examined, for two-dimensional numerical simulations, in Ref. [1]. Here we considered the case of Gaussian random
local displacements because it directly relates to the shear case in infinite dimension, as we will see in the next section. However,
these different alternatives will only affect the quantitative distribution of affine motions r0ij(t) but not the effective dynamics
for the non-affine motions ui(t) and wij(t), so we could a priori generalise our derivation to the patterned local displacements
as well (but this is kept for future work).

III. FROM MANY-BODY TO EFFECTIVE SCALAR DYNAMICS

We consider the following many-body Langevin dynamics, adapted from the standard shear case [22] for a finite ‘shear rate’
�̇(t) (such that the AQRD case corresponds to the limit �̇(t) ! 0):

⇣
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and a microscopic Gaussian noise {⇠i(t)}i=1,...,N , of mean and variance respectively given by
⌦
⇠i,µ(t)

↵
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= 0,
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where the brackets h· · ·i⇠ denote the statistical average over realisations of the noise ⇠. ⇣ is the (local) friction coefficient and
T = ��1 the temperature of a thermal bath (with the Boltzmann constant kB = 1 setting the units). The generic noise kernel
�C(t, s) can be chosen such as to describe a wide variety of physical situations, as discussed extensively in Sec. 2 of Ref. [24]. By
essentially tuning its ‘persistence time’ ⌧ , we can consider anything from an isotropic active matter with �C(t, s) = f2

0 e�|t�s|/⌧ ,
to a pure thermal bath (⌧ = 0) with �C(t, s) = 0, and constant random forces (‘⌧ = 1’) with �C(t, s) = f2

0 . In addition, we
need to specify the distribution of the initial configurations at time t = 0; for explicit computations we can focus on the particular
case of an equilibrium (possibly supercooled) liquid phase at a temperature T0 = ��1

0 , where positions are sampled from a
Gibbs-Boltzmann distribution / e�

1
2

P
i 6=j v(|rij(0)|).

These settings are very similar to the standard case under shear strain, that we have examined in Ref. [22]: here we essentially
replaced for each particle i the time-dependent local displacements �(t)xi,2(t)x̂1 under a global shear (in the plane {x̂1, x̂2})
by the random local displacements �(t) ci. In Ref. [22] we focused on the non-affine motion by using the change of variables of
Eq. (2), which is equivalent to working in the co-shearing frame. We can similarly use Eq. (10) to obtain the dynamics for the
non-affine motion under random local displacements:

⇣u̇i(t) = Fi(t) + ⇠i(t) , with Fi(t) = �

X

j( 6=i)

rv
⇣
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(9)

thus predicting a crossover of the ⇠-dependence depending on the ratio `/⇠, with F ⇠ 1/⇠ at `/⇠ � 1 and F ⇠ 1/⇠3 at `/⇠ ⌧ 1.
Technically, these specific scalings rely on the functional form of the even correlator f⇠(x) = ⇠�1f1(x/⇠), valid in particular
for f⇠ being a Gaussian function. Nevertheless, the decrease of F with an increasing correlation length ⇠ must be qualitatively
robust with respect to alternative (physical) choices for f⇠(x).

As a concluding remark, we note that such a correlation length exists under global shear (thus for the AQS protocol as well),
and indeed it was the motivation for the creation of the AQRD protocol in Ref. [1]. Indeed, when we shear a finite-size system
with periodic boundary conditions, the individual affine motions are by construction correlated on a finite portion of the whole
system, with a periodicity of twice the system size, so the value of ⇠ is set once and for all. Note that this statement is only true
in the laboratory frame, since in the co-shearing frame the affine motions are by definition set to zero, so the associated local
displacements have to be defined in the laboratory frame in order to be able to establish a direct connection between the global
shear and random-local-displacements protocols. An intermediate case is to have regularly patterned local displacements, chosen
such as to be compatible with the periodic boundary conditions), where we can tune the correlation length ⇠. Such settings has
also been examined, for two-dimensional numerical simulations, in Ref. [1]. Here we considered the case of Gaussian random
local displacements because it directly relates to the shear case in infinite dimension, as we will see in the next section. However,
these different alternatives will only affect the quantitative distribution of affine motions r0ij(t) but not the effective dynamics
for the non-affine motions ui(t) and wij(t), so we could a priori generalise our derivation to the patterned local displacements
as well (but this is kept for future work).

III. FROM MANY-BODY TO EFFECTIVE SCALAR DYNAMICS

We consider the following many-body Langevin dynamics, adapted from the standard shear case [22] for a finite ‘shear rate’
�̇(t) (such that the AQRD case corresponds to the limit �̇(t) ! 0):

⇣
⇥
ẋi(t) � �̇(t) ci

⇤
= Fi(t) + ⇠i(t) , with Fi(t) = �

X

j( 6=i)

rv
�
|xi(t) � xj(t)|

�
(10)

and a microscopic Gaussian noise {⇠i(t)}i=1,...,N , of mean and variance respectively given by
⌦
⇠i,µ(t)

↵
⇠

= 0,
⌦
⇠i,µ(t)⇠j,⌫(t

0)
↵
⇠

= �ij�µ⌫ [2T ⇣�(t � t0) + �C(t, t0)] , (11)

where the brackets h· · ·i⇠ denote the statistical average over realisations of the noise ⇠. ⇣ is the (local) friction coefficient and
T = ��1 the temperature of a thermal bath (with the Boltzmann constant kB = 1 setting the units). The generic noise kernel
�C(t, s) can be chosen such as to describe a wide variety of physical situations, as discussed extensively in Sec. 2 of Ref. [24]. By
essentially tuning its ‘persistence time’ ⌧ , we can consider anything from an isotropic active matter with �C(t, s) = f2

0 e�|t�s|/⌧ ,
to a pure thermal bath (⌧ = 0) with �C(t, s) = 0, and constant random forces (‘⌧ = 1’) with �C(t, s) = f2

0 . In addition, we
need to specify the distribution of the initial configurations at time t = 0; for explicit computations we can focus on the particular
case of an equilibrium (possibly supercooled) liquid phase at a temperature T0 = ��1

0 , where positions are sampled from a
Gibbs-Boltzmann distribution / e�

1
2

P
i 6=j v(|rij(0)|).

These settings are very similar to the standard case under shear strain, that we have examined in Ref. [22]: here we essentially
replaced for each particle i the time-dependent local displacements �(t)xi,2(t)x̂1 under a global shear (in the plane {x̂1, x̂2})
by the random local displacements �(t) ci. In Ref. [22] we focused on the non-affine motion by using the change of variables of
Eq. (2), which is equivalent to working in the co-shearing frame. We can similarly use Eq. (10) to obtain the dynamics for the
non-affine motion under random local displacements:

⇣u̇i(t) = Fi(t) + ⇠i(t) , with Fi(t) = �

X

j( 6=i)

rv
⇣
|r00,ij(t) + ui(t) � uj(t))|

⌘
(12)
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A kinetic model for the elastoplastic dynamics of a jammed material is proposed, which takes the form

of a nonlocal—Boltzmann-like—kinetic equation for the stress distribution function. Coarse graining this

equation yields a nonlocal constitutive law for the flow, exhibiting as a key dynamic quantity the local rate

of plastic events. This quantity, interpreted as a local fluidity, is spatially correlated with a correlation

length diverging in the quasistatic limit, i.e., close to yielding. In line with recent experimental and

numerical observations, we predict finite size effects in the flow behavior, as well as the absence of an

intrinsic local flow curve.
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Soft amorphous materials such as foams, emulsions,
granular systems, or colloidal suspensions display at high
enough concentrations complex flow properties, intermedi-
ate between that of a solid and a liquid: at rest they behave
like an elastic solid, but flow ‘‘like a liquid’’ under suffi-
cient applied stress [1–4]. This mixed fluid-solid behavior
occurs above a threshold volume fraction associated with
the appearance of a yield stress !d. The yielding behavior
makes such systems particularly interesting for applica-
tions—from tooth paste to coatings to cosmetic and food
emulsions—but fundamentally difficult to describe [5–7].
Furthermore, it has been recognized in recent years that
this yielding behavior is, in most cases, associated with
peculiar spatial features. These can take the form of in-
homogeneous flow patterns, such as shear bands [1–3,8], or
cooperativity in the flow or deformation response [9–16],
potentially associated with nonlocality in the constitutive
rheological law [11] and dependence of the flow on the
nature of the boundaries [4,17]. While such features appear
to be generic for this class of materials, suggesting an
underlying common flow scenario, a consistent framework
linking the global rheology to the local microscopic dy-
namics is still lacking.

In this Letter, we present a kinetic elastoplastic (KEP)
model, which aims at constructing such a link between the
microscopic and the macroscopic scales. Starting from a
kinetic elastoplastic description of the dynamics, we derive
systematically a (nonlocal) generic constitutive law for the
flow, obtained by coarse graining the microscopic spatio-
temporal dynamics. The predictions of our KEPmodel will
be shown to capture many features of the rheology of yield
stress fluids, and, in particular, the recent experimental
demonstration of cooperativity in the flow behavior of
jammed emulsions [11].

The KEP model, which is detailed below, is based on a
generic picture which has emerged recently for the dynam-
ics of soft glassy materials [14,18,19]. In these materials,
flow occurs through a succession of global elastic defor-

mations and localized plastic rearrangements associated
with a microscopic yield stress; see Fig. 1. These localized
events induce long-range elastic modifications of the stress
over the system, thereby creating long-lived fragile zones
where flow occurs. Flow in these systems is thus highly
cooperative and spatially heterogeneous: a dynamically
active region will induce stress fluctuations of its neighbors
and thus a locally higher rate of plastic rearrangements.
Correlations between plastic events are accordingly ex-
pected to exhibit a complex spatiotemporal pattern [14].
The Letter is organized as follows. (i) We first formulate

the ‘‘microscopic’’ equations constituting our KEP model
on the basis of the above generic scenario, Eqs. (1)–(3),
(ii) then we derive the continuum hydrodynamic limit of
these microscopic equations, and (iii) we finally deduce the
constitutive nonlocal flow rules for plastic flow, as sum-
marized in Eqs. (8). The ‘‘micro-macro’’ derivation of
these constitutive rheological equations is the central result
of this work. As a key point—and beyond simple symme-
try expectations—nonlocality applies on a dynamical order
parameter, the fluidity, defined here as the rate of plastic
events.
The KEP model.—Describing the complex dynamical

elastoplastic processes sketched in Fig. 1 is a formidable
task. Therefore, to get further insight, we propose a sche-

FIG. 1 (color online). Sketch of plastic deformation in amor-
phous media. Deformation occurs via elastic deformation, local-
ized plastic events, and nonlocal redistribution of the elastic
stress, potentially triggering other plastic events.
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Review: A. Nicolas et al., Rev. Mod. Phys. 90, 045006 (2018).

Numerical limitations: Bounded exploration of phase space
Finite-size & finite-statistics artefacts / Need to average at least on initial condition & noise
Out-of-equilibrium dense systems: very slow to equilibrate (⇒ need SWAP algorithm!)

for supporting/rationalizing 
numerical findings

Analytical approaches needed: complement numerics 
beyond their inherent limitations
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Numerical studies

e.g. P. Charbonneau et al., 
J.Chem.Phys. 156, 134502 (2022)
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Some freedom in how to generalize the interactions & the dynamics with dimension:
T. Maimbourg & J. Kurchan, EPL 114, 60002 (2016).

J. Kurchan, T. Maimbourg, F. Zamponi, J. Stat. Mech. 2016, 033210 (2016),

E.g. Soft harmonic spheres:
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Input 1: Glass transition
3

models and concepts developed for one system often find
applications elsewhere in physics, from algorithmics to
biophysics [6]. Motivations to study glassy materials are
numerous. Glassy materials are everywhere around us
and therefore obviously attract interest beyond academic
research. At the same time, the glass conundrum pro-
vides theoretical physicists with deep fundamental ques-
tions since classical tools are sometimes not su�cient to
properly account for the glass state. Moreover, numeri-
cally simulating the dynamics of microscopically realistic
material on timescales that are experimentally relevant
remains a di�cult challenge, even with modern comput-
ers.

Studies on glassy materials constitute an exciting re-
search area where experiments, simulations and theoret-
ical calculations can meet, where both applied and fun-
damental problems are considered. How can one ob-
serve, understand, and theoretically describe the rich
phenomenology of glassy materials? What are the fun-
damental quantities and concepts that emerge from these
descriptions?

The outline of the article is as follows. In Sec. III
the phenomenology of glass-forming liquids is discussed.
In Sec. IV di↵erent types of glasses are described. We
then describe how computer simulations can provide deep
insights into the glass problem in Sec. V. The issue of
dynamic heterogeneity is tackled in Sec. VI. The main
theoretical perspectives currently available in the field
are then summarized in Sec. VII. The mean-field analysis
of the amorphous solid phase is reviewed in Sec. VIII. In
Sec. IX, we discuss novel developments in computational
studies. Aging and o↵-equilibrium phenomena occupy
Sec. X. Finally, issues that seem important for future
research are discussed in Sec. XI.

III. PHENOMENOLOGY

A. Basic facts

A vast majority of liquids (molecular liquids, poly-
meric liquids, etc) form a glass if cooled fast enough in
order to avoid the crystallisation transition [1]. Typi-
cal values of cooling rate in laboratory experiments are
0.1 � 100 K/min. The metastable phase reached in this
way is called ‘supercooled liquid’. In this regime the typi-
cal timescales increase in a dramatic way and they end up
to be many orders of magnitudes larger than microscopic
timescales at Tg, the glass transition temperature.

For example, around the melting temperature Tm, the
typical timescale ⌧↵ on which density fluctuations relax,
is of the order of

p
ma2/KBT , which corresponds to

few picoseconds (m is the molecular mass, T the tem-
perature, KB the Boltzmann constant and a a typical
distance between molecules). At Tg, which as a rule of
thumb is about 2

3Tm, this timescale ⌧↵ has become of the
order of 100 s, i.e. 14 orders of magnitude larger! This
phenomenon is accompanied by a concomitant increase

FIG. 1. Arrhenius plot of the viscosity of several glass-forming
liquids approaching the glass temperature Tg [2]. For ‘strong’
glasses, the viscosity increases in an Arrhenius manner as tem-
perature is decreased, log ⌘ ⇠ E/(KBT ), where E is an ac-
tivation energy and the plot is a straight line, as for silica.
For ‘fragile’ liquids, the plot is bent and the e↵ective activa-
tion energy increases when T is decreased towards Tg, as for
ortho-terphenyl.

of the shear viscosity ⌘. This can be understood by a
simple Maxwell model in which ⌘ and ⌧ are related by
⌘ = G1⌧↵, where G1 is the instantaneous (elastic) shear
modulus which does not vary considerably in the super-
cooled regime. In fact, viscosities at the glass transition
temperature are of the order of 1012 Pa.s. In order to
grasp how viscous this is, recall that the typical viscosity
of water (or wine) at ambient temperature is of the order
of 10�2 Pa.s. How long would one have to wait to drink
a glass of wine with a viscosity 1014 times larger?

As a matter of fact, the temperature at which the liquid
does not flow anymore and becomes an amorphous solid,
called a ‘glass’, is protocol dependent. It depends on
the cooling rate and on the patience of the person carry-
ing out the experiment: solidity is a timescale-dependent
notion. Pragmatically, Tg is defined as the temperature
at which the shear viscosity is equal to 1013 Poise (also
1012 Pa.s).

The increase of the relaxation timescale of supercooled
liquids is remarkable not only because of the large num-
ber of decades involved but also because of its tempera-
ture dependence. This is vividly demonstrated by plot-
ting the logarithm of the viscosity (or of the relaxation
time) as a function of Tg/T , as in Fig. 1. This is called
the ‘Angell’ plot [1], which is very helpful in classifying
supercooled liquids. A liquid is called strong or fragile de-
pending on its position in the Angell plot. Straight lines
correspond to ‘strong’ glass-formers and to an Arrhenius

Review: F. Landes et al., "Glasses and aging: A Statistical Mechanics Perspective", Encyclopedia of 
Complexity and Systems Science (2022) / arXiv:2006.09725 [cond-mat.stat-mech].

P. G. Debenedetti & F. H. Stillinger, "Supercooled liquids and the glass transition", Nature 410, 259 (2001).

Dramatic increase in the viscosity 
with inverse temperature

No significant change 
in the amorphous structure



Input 1: Glass transition — Fractal free energy landscapes in structural glasses

Review: P. Charbonneau et al., Annual Review of Condensed Matter Physics 8, 265 (2017).



Input 2: Glass transition — Fractal free energy landscapes in structural glasses

P. Charbonneau et al., Nature Communications 5, 3725 (2014).

Understanding the dynamics of glasses is one of the oldest
and most challenging problems in the theory of matter.
The classical thermodynamic picture interprets the slow

relaxation of glasses in terms of a free energy landscape with fairly
simple structural features (Fig. 1): each minimum is a stable
amorphous glass state, high frequency relaxations correspond to
vibrational excitations of the state and slow relaxations correspond
to jumps between different states1–3. Yet experimental and
numerical observations suggest that this simple landscape
description—with essentially only one type of barrier—is
insufficient to capture the complexity of glassy dynamics. Low-
temperature glasses exhibit an intermediate slow (Johari-Goldstein)
relaxation whose timescale is indeed difficult to interpret as
one corresponding to jumps between widely different states4.
It has thus been proposed that the landscape features narrow
sub-basins, separated by small barriers, that aggregate into
wider metabasins, separated by large barriers (Fig. 1). Johari-
Goldstein relaxation processes would then connect sub-basins
within a same metabasin4,5. Direct numerical investigations have
confirmed the metabasin organization and thereby improved the
phenomenological description of transport6,7. Deep within the glass
phase, the out-of-equilibrium dynamics is also unable to properly
sample the distribution of barriers associated with the complex sub-
basin structure, which could explain why describing it with a single
fictive temperature is not possible8,9.

A disordered ensemble of (nearly) hard spheres, that is,
spherical particles that cannot overlap, is often taken as a simple
model for glasses, both in theoretical and experimental studies.
The behaviour of static assemblies of macroscopic spheres10,
colloidal suspensions11–13 and dynamically agitated ensembles of
grains14 is indeed akin to that of thermal glasses. Like thermal
glasses, hard spheres can also be theoretically described in terms
of a complex free energy landscape dominated by entropic
effects15; the same analysis tools can be used for both systems16,
underlying the similarity of their dynamical behaviour17 and

of their phase diagram in terms of pressure and density18. In
addition, when hard sphere interactions are considered, a new
kind of geometric phase transition appears, the jamming
transition19–21, that can be characterized in two equivalent
ways. From a thermodynamic point of view, compressing a hard
sphere glass to infinite pressure results in an amorphous jammed
packing in which particles are completely arrested and
mechanically equilibrated18. From a rheological point of view,
hard sphere glass rigidity is entropic before reaching the jamming
transition, and (relaxing the harshness of the hard sphere
repulsion) mechanical beyond jamming, as in low-temperature
molecular glasses22. On approaching jamming, hard sphere
glasses are marginally stable23–25: they have very soft
vibrational modes and excitations that extend over a wide range
of timescales19,25 and can be characterized in terms of critical
scalings similar to ordinary phase transitions, see refs 20,21 for
reviews. The critical properties of the jamming transition hence
provide additional insights into the structure of the landscape. Yet
neither the marginality of the basins nor the smallness of the
barriers associated with the soft modes fit in the simple landscape
picture18, which is hence unable to explain the critical properties
of the jamming transition.

In the late eighties, Kirkpatrick, Thirumalai and Wolynes
proposed that mean-field disordered models contain the essential
features of glassy landscapes26–28. These models fall in two broad
universality classes: the so-called Random First Order (the simple
picture of a stable glass, with featureless basins and large
barriers)26,27 and another class where one large state is broken
up in a fractal hierarchy of basins within basins, discovered by
one of us in the Sherrington-Kirkpatrick (SK) model29,30. The
first class yields, close to the glass transition, a two-step dynamical
relaxation31 in the same universality class as the mode-coupling
theory17,32. It was thus taken to represent (fragile) structural
glasses, at least close to the glass transition—hence the name
Random First Order Transition (RFOT) associated with this
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Figure 1 | Free energy landscape with simple basins, metabasins and fractal basins. Schematic depictions of (a) the liquid state at packing fractions j
that are smaller than the glass transition jg, and of free energy basins for different landscape scenarios: (b) simple stable basins, (c) metabasins
of sub-basins (d) and metabasins of marginal basins. The simple landscape description is akin to boating on a system of lakes separated by high mountains.
In the liquid, all of space can be explored. At lower water levels, each basin is a different glass. The free energy barriers hinder passing from one
glass to another (the so-called a-relaxation); the basin width allows for vibrational relaxation. Both in c and d, the water level further determines what
features of the landscape are experienced. Deep into the glass, the landscape roughness results in intra-state barriers that are associated with secondary
relaxations. In d, at very low water levels (right)—deep into the fractal glass—lakes transform into a complex wetland with a hierarchy of small
ponds. (e) The very bottom of each of these ponds corresponds to a given realization of the force network (red lines), but the identification of the force
contacts remains undetermined before the fractal regime is reached (dashed line).
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Understanding the dynamics of glasses is one of the oldest
and most challenging problems in the theory of matter.
The classical thermodynamic picture interprets the slow

relaxation of glasses in terms of a free energy landscape with fairly
simple structural features (Fig. 1): each minimum is a stable
amorphous glass state, high frequency relaxations correspond to
vibrational excitations of the state and slow relaxations correspond
to jumps between different states1–3. Yet experimental and
numerical observations suggest that this simple landscape
description—with essentially only one type of barrier—is
insufficient to capture the complexity of glassy dynamics. Low-
temperature glasses exhibit an intermediate slow (Johari-Goldstein)
relaxation whose timescale is indeed difficult to interpret as
one corresponding to jumps between widely different states4.
It has thus been proposed that the landscape features narrow
sub-basins, separated by small barriers, that aggregate into
wider metabasins, separated by large barriers (Fig. 1). Johari-
Goldstein relaxation processes would then connect sub-basins
within a same metabasin4,5. Direct numerical investigations have
confirmed the metabasin organization and thereby improved the
phenomenological description of transport6,7. Deep within the glass
phase, the out-of-equilibrium dynamics is also unable to properly
sample the distribution of barriers associated with the complex sub-
basin structure, which could explain why describing it with a single
fictive temperature is not possible8,9.

A disordered ensemble of (nearly) hard spheres, that is,
spherical particles that cannot overlap, is often taken as a simple
model for glasses, both in theoretical and experimental studies.
The behaviour of static assemblies of macroscopic spheres10,
colloidal suspensions11–13 and dynamically agitated ensembles of
grains14 is indeed akin to that of thermal glasses. Like thermal
glasses, hard spheres can also be theoretically described in terms
of a complex free energy landscape dominated by entropic
effects15; the same analysis tools can be used for both systems16,
underlying the similarity of their dynamical behaviour17 and

of their phase diagram in terms of pressure and density18. In
addition, when hard sphere interactions are considered, a new
kind of geometric phase transition appears, the jamming
transition19–21, that can be characterized in two equivalent
ways. From a thermodynamic point of view, compressing a hard
sphere glass to infinite pressure results in an amorphous jammed
packing in which particles are completely arrested and
mechanically equilibrated18. From a rheological point of view,
hard sphere glass rigidity is entropic before reaching the jamming
transition, and (relaxing the harshness of the hard sphere
repulsion) mechanical beyond jamming, as in low-temperature
molecular glasses22. On approaching jamming, hard sphere
glasses are marginally stable23–25: they have very soft
vibrational modes and excitations that extend over a wide range
of timescales19,25 and can be characterized in terms of critical
scalings similar to ordinary phase transitions, see refs 20,21 for
reviews. The critical properties of the jamming transition hence
provide additional insights into the structure of the landscape. Yet
neither the marginality of the basins nor the smallness of the
barriers associated with the soft modes fit in the simple landscape
picture18, which is hence unable to explain the critical properties
of the jamming transition.

In the late eighties, Kirkpatrick, Thirumalai and Wolynes
proposed that mean-field disordered models contain the essential
features of glassy landscapes26–28. These models fall in two broad
universality classes: the so-called Random First Order (the simple
picture of a stable glass, with featureless basins and large
barriers)26,27 and another class where one large state is broken
up in a fractal hierarchy of basins within basins, discovered by
one of us in the Sherrington-Kirkpatrick (SK) model29,30. The
first class yields, close to the glass transition, a two-step dynamical
relaxation31 in the same universality class as the mode-coupling
theory17,32. It was thus taken to represent (fragile) structural
glasses, at least close to the glass transition—hence the name
Random First Order Transition (RFOT) associated with this
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Figure 1 | Free energy landscape with simple basins, metabasins and fractal basins. Schematic depictions of (a) the liquid state at packing fractions j
that are smaller than the glass transition jg, and of free energy basins for different landscape scenarios: (b) simple stable basins, (c) metabasins
of sub-basins (d) and metabasins of marginal basins. The simple landscape description is akin to boating on a system of lakes separated by high mountains.
In the liquid, all of space can be explored. At lower water levels, each basin is a different glass. The free energy barriers hinder passing from one
glass to another (the so-called a-relaxation); the basin width allows for vibrational relaxation. Both in c and d, the water level further determines what
features of the landscape are experienced. Deep into the glass, the landscape roughness results in intra-state barriers that are associated with secondary
relaxations. In d, at very low water levels (right)—deep into the fractal glass—lakes transform into a complex wetland with a hierarchy of small
ponds. (e) The very bottom of each of these ponds corresponds to a given realization of the force network (red lines), but the identification of the force
contacts remains undetermined before the fractal regime is reached (dashed line).
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The classical thermodynamic picture interprets the slow

relaxation of glasses in terms of a free energy landscape with fairly
simple structural features (Fig. 1): each minimum is a stable
amorphous glass state, high frequency relaxations correspond to
vibrational excitations of the state and slow relaxations correspond
to jumps between different states1–3. Yet experimental and
numerical observations suggest that this simple landscape
description—with essentially only one type of barrier—is
insufficient to capture the complexity of glassy dynamics. Low-
temperature glasses exhibit an intermediate slow (Johari-Goldstein)
relaxation whose timescale is indeed difficult to interpret as
one corresponding to jumps between widely different states4.
It has thus been proposed that the landscape features narrow
sub-basins, separated by small barriers, that aggregate into
wider metabasins, separated by large barriers (Fig. 1). Johari-
Goldstein relaxation processes would then connect sub-basins
within a same metabasin4,5. Direct numerical investigations have
confirmed the metabasin organization and thereby improved the
phenomenological description of transport6,7. Deep within the glass
phase, the out-of-equilibrium dynamics is also unable to properly
sample the distribution of barriers associated with the complex sub-
basin structure, which could explain why describing it with a single
fictive temperature is not possible8,9.

A disordered ensemble of (nearly) hard spheres, that is,
spherical particles that cannot overlap, is often taken as a simple
model for glasses, both in theoretical and experimental studies.
The behaviour of static assemblies of macroscopic spheres10,
colloidal suspensions11–13 and dynamically agitated ensembles of
grains14 is indeed akin to that of thermal glasses. Like thermal
glasses, hard spheres can also be theoretically described in terms
of a complex free energy landscape dominated by entropic
effects15; the same analysis tools can be used for both systems16,
underlying the similarity of their dynamical behaviour17 and

of their phase diagram in terms of pressure and density18. In
addition, when hard sphere interactions are considered, a new
kind of geometric phase transition appears, the jamming
transition19–21, that can be characterized in two equivalent
ways. From a thermodynamic point of view, compressing a hard
sphere glass to infinite pressure results in an amorphous jammed
packing in which particles are completely arrested and
mechanically equilibrated18. From a rheological point of view,
hard sphere glass rigidity is entropic before reaching the jamming
transition, and (relaxing the harshness of the hard sphere
repulsion) mechanical beyond jamming, as in low-temperature
molecular glasses22. On approaching jamming, hard sphere
glasses are marginally stable23–25: they have very soft
vibrational modes and excitations that extend over a wide range
of timescales19,25 and can be characterized in terms of critical
scalings similar to ordinary phase transitions, see refs 20,21 for
reviews. The critical properties of the jamming transition hence
provide additional insights into the structure of the landscape. Yet
neither the marginality of the basins nor the smallness of the
barriers associated with the soft modes fit in the simple landscape
picture18, which is hence unable to explain the critical properties
of the jamming transition.

In the late eighties, Kirkpatrick, Thirumalai and Wolynes
proposed that mean-field disordered models contain the essential
features of glassy landscapes26–28. These models fall in two broad
universality classes: the so-called Random First Order (the simple
picture of a stable glass, with featureless basins and large
barriers)26,27 and another class where one large state is broken
up in a fractal hierarchy of basins within basins, discovered by
one of us in the Sherrington-Kirkpatrick (SK) model29,30. The
first class yields, close to the glass transition, a two-step dynamical
relaxation31 in the same universality class as the mode-coupling
theory17,32. It was thus taken to represent (fragile) structural
glasses, at least close to the glass transition—hence the name
Random First Order Transition (RFOT) associated with this
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Figure 1 | Free energy landscape with simple basins, metabasins and fractal basins. Schematic depictions of (a) the liquid state at packing fractions j
that are smaller than the glass transition jg, and of free energy basins for different landscape scenarios: (b) simple stable basins, (c) metabasins
of sub-basins (d) and metabasins of marginal basins. The simple landscape description is akin to boating on a system of lakes separated by high mountains.
In the liquid, all of space can be explored. At lower water levels, each basin is a different glass. The free energy barriers hinder passing from one
glass to another (the so-called a-relaxation); the basin width allows for vibrational relaxation. Both in c and d, the water level further determines what
features of the landscape are experienced. Deep into the glass, the landscape roughness results in intra-state barriers that are associated with secondary
relaxations. In d, at very low water levels (right)—deep into the fractal glass—lakes transform into a complex wetland with a hierarchy of small
ponds. (e) The very bottom of each of these ponds corresponds to a given realization of the force network (red lines), but the identification of the force
contacts remains undetermined before the fractal regime is reached (dashed line).
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Understanding the dynamics of glasses is one of the oldest
and most challenging problems in the theory of matter.
The classical thermodynamic picture interprets the slow

relaxation of glasses in terms of a free energy landscape with fairly
simple structural features (Fig. 1): each minimum is a stable
amorphous glass state, high frequency relaxations correspond to
vibrational excitations of the state and slow relaxations correspond
to jumps between different states1–3. Yet experimental and
numerical observations suggest that this simple landscape
description—with essentially only one type of barrier—is
insufficient to capture the complexity of glassy dynamics. Low-
temperature glasses exhibit an intermediate slow (Johari-Goldstein)
relaxation whose timescale is indeed difficult to interpret as
one corresponding to jumps between widely different states4.
It has thus been proposed that the landscape features narrow
sub-basins, separated by small barriers, that aggregate into
wider metabasins, separated by large barriers (Fig. 1). Johari-
Goldstein relaxation processes would then connect sub-basins
within a same metabasin4,5. Direct numerical investigations have
confirmed the metabasin organization and thereby improved the
phenomenological description of transport6,7. Deep within the glass
phase, the out-of-equilibrium dynamics is also unable to properly
sample the distribution of barriers associated with the complex sub-
basin structure, which could explain why describing it with a single
fictive temperature is not possible8,9.

A disordered ensemble of (nearly) hard spheres, that is,
spherical particles that cannot overlap, is often taken as a simple
model for glasses, both in theoretical and experimental studies.
The behaviour of static assemblies of macroscopic spheres10,
colloidal suspensions11–13 and dynamically agitated ensembles of
grains14 is indeed akin to that of thermal glasses. Like thermal
glasses, hard spheres can also be theoretically described in terms
of a complex free energy landscape dominated by entropic
effects15; the same analysis tools can be used for both systems16,
underlying the similarity of their dynamical behaviour17 and

of their phase diagram in terms of pressure and density18. In
addition, when hard sphere interactions are considered, a new
kind of geometric phase transition appears, the jamming
transition19–21, that can be characterized in two equivalent
ways. From a thermodynamic point of view, compressing a hard
sphere glass to infinite pressure results in an amorphous jammed
packing in which particles are completely arrested and
mechanically equilibrated18. From a rheological point of view,
hard sphere glass rigidity is entropic before reaching the jamming
transition, and (relaxing the harshness of the hard sphere
repulsion) mechanical beyond jamming, as in low-temperature
molecular glasses22. On approaching jamming, hard sphere
glasses are marginally stable23–25: they have very soft
vibrational modes and excitations that extend over a wide range
of timescales19,25 and can be characterized in terms of critical
scalings similar to ordinary phase transitions, see refs 20,21 for
reviews. The critical properties of the jamming transition hence
provide additional insights into the structure of the landscape. Yet
neither the marginality of the basins nor the smallness of the
barriers associated with the soft modes fit in the simple landscape
picture18, which is hence unable to explain the critical properties
of the jamming transition.

In the late eighties, Kirkpatrick, Thirumalai and Wolynes
proposed that mean-field disordered models contain the essential
features of glassy landscapes26–28. These models fall in two broad
universality classes: the so-called Random First Order (the simple
picture of a stable glass, with featureless basins and large
barriers)26,27 and another class where one large state is broken
up in a fractal hierarchy of basins within basins, discovered by
one of us in the Sherrington-Kirkpatrick (SK) model29,30. The
first class yields, close to the glass transition, a two-step dynamical
relaxation31 in the same universality class as the mode-coupling
theory17,32. It was thus taken to represent (fragile) structural
glasses, at least close to the glass transition—hence the name
Random First Order Transition (RFOT) associated with this
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Figure 1 | Free energy landscape with simple basins, metabasins and fractal basins. Schematic depictions of (a) the liquid state at packing fractions j
that are smaller than the glass transition jg, and of free energy basins for different landscape scenarios: (b) simple stable basins, (c) metabasins
of sub-basins (d) and metabasins of marginal basins. The simple landscape description is akin to boating on a system of lakes separated by high mountains.
In the liquid, all of space can be explored. At lower water levels, each basin is a different glass. The free energy barriers hinder passing from one
glass to another (the so-called a-relaxation); the basin width allows for vibrational relaxation. Both in c and d, the water level further determines what
features of the landscape are experienced. Deep into the glass, the landscape roughness results in intra-state barriers that are associated with secondary
relaxations. In d, at very low water levels (right)—deep into the fractal glass—lakes transform into a complex wetland with a hierarchy of small
ponds. (e) The very bottom of each of these ponds corresponds to a given realization of the force network (red lines), but the identification of the force
contacts remains undetermined before the fractal regime is reached (dashed line).
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Understanding the dynamics of glasses is one of the oldest
and most challenging problems in the theory of matter.
The classical thermodynamic picture interprets the slow

relaxation of glasses in terms of a free energy landscape with fairly
simple structural features (Fig. 1): each minimum is a stable
amorphous glass state, high frequency relaxations correspond to
vibrational excitations of the state and slow relaxations correspond
to jumps between different states1–3. Yet experimental and
numerical observations suggest that this simple landscape
description—with essentially only one type of barrier—is
insufficient to capture the complexity of glassy dynamics. Low-
temperature glasses exhibit an intermediate slow (Johari-Goldstein)
relaxation whose timescale is indeed difficult to interpret as
one corresponding to jumps between widely different states4.
It has thus been proposed that the landscape features narrow
sub-basins, separated by small barriers, that aggregate into
wider metabasins, separated by large barriers (Fig. 1). Johari-
Goldstein relaxation processes would then connect sub-basins
within a same metabasin4,5. Direct numerical investigations have
confirmed the metabasin organization and thereby improved the
phenomenological description of transport6,7. Deep within the glass
phase, the out-of-equilibrium dynamics is also unable to properly
sample the distribution of barriers associated with the complex sub-
basin structure, which could explain why describing it with a single
fictive temperature is not possible8,9.

A disordered ensemble of (nearly) hard spheres, that is,
spherical particles that cannot overlap, is often taken as a simple
model for glasses, both in theoretical and experimental studies.
The behaviour of static assemblies of macroscopic spheres10,
colloidal suspensions11–13 and dynamically agitated ensembles of
grains14 is indeed akin to that of thermal glasses. Like thermal
glasses, hard spheres can also be theoretically described in terms
of a complex free energy landscape dominated by entropic
effects15; the same analysis tools can be used for both systems16,
underlying the similarity of their dynamical behaviour17 and

of their phase diagram in terms of pressure and density18. In
addition, when hard sphere interactions are considered, a new
kind of geometric phase transition appears, the jamming
transition19–21, that can be characterized in two equivalent
ways. From a thermodynamic point of view, compressing a hard
sphere glass to infinite pressure results in an amorphous jammed
packing in which particles are completely arrested and
mechanically equilibrated18. From a rheological point of view,
hard sphere glass rigidity is entropic before reaching the jamming
transition, and (relaxing the harshness of the hard sphere
repulsion) mechanical beyond jamming, as in low-temperature
molecular glasses22. On approaching jamming, hard sphere
glasses are marginally stable23–25: they have very soft
vibrational modes and excitations that extend over a wide range
of timescales19,25 and can be characterized in terms of critical
scalings similar to ordinary phase transitions, see refs 20,21 for
reviews. The critical properties of the jamming transition hence
provide additional insights into the structure of the landscape. Yet
neither the marginality of the basins nor the smallness of the
barriers associated with the soft modes fit in the simple landscape
picture18, which is hence unable to explain the critical properties
of the jamming transition.

In the late eighties, Kirkpatrick, Thirumalai and Wolynes
proposed that mean-field disordered models contain the essential
features of glassy landscapes26–28. These models fall in two broad
universality classes: the so-called Random First Order (the simple
picture of a stable glass, with featureless basins and large
barriers)26,27 and another class where one large state is broken
up in a fractal hierarchy of basins within basins, discovered by
one of us in the Sherrington-Kirkpatrick (SK) model29,30. The
first class yields, close to the glass transition, a two-step dynamical
relaxation31 in the same universality class as the mode-coupling
theory17,32. It was thus taken to represent (fragile) structural
glasses, at least close to the glass transition—hence the name
Random First Order Transition (RFOT) associated with this
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Figure 1 | Free energy landscape with simple basins, metabasins and fractal basins. Schematic depictions of (a) the liquid state at packing fractions j
that are smaller than the glass transition jg, and of free energy basins for different landscape scenarios: (b) simple stable basins, (c) metabasins
of sub-basins (d) and metabasins of marginal basins. The simple landscape description is akin to boating on a system of lakes separated by high mountains.
In the liquid, all of space can be explored. At lower water levels, each basin is a different glass. The free energy barriers hinder passing from one
glass to another (the so-called a-relaxation); the basin width allows for vibrational relaxation. Both in c and d, the water level further determines what
features of the landscape are experienced. Deep into the glass, the landscape roughness results in intra-state barriers that are associated with secondary
relaxations. In d, at very low water levels (right)—deep into the fractal glass—lakes transform into a complex wetland with a hierarchy of small
ponds. (e) The very bottom of each of these ponds corresponds to a given realization of the force network (red lines), but the identification of the force
contacts remains undetermined before the fractal regime is reached (dashed line).
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Understanding the dynamics of glasses is one of the oldest
and most challenging problems in the theory of matter.
The classical thermodynamic picture interprets the slow

relaxation of glasses in terms of a free energy landscape with fairly
simple structural features (Fig. 1): each minimum is a stable
amorphous glass state, high frequency relaxations correspond to
vibrational excitations of the state and slow relaxations correspond
to jumps between different states1–3. Yet experimental and
numerical observations suggest that this simple landscape
description—with essentially only one type of barrier—is
insufficient to capture the complexity of glassy dynamics. Low-
temperature glasses exhibit an intermediate slow (Johari-Goldstein)
relaxation whose timescale is indeed difficult to interpret as
one corresponding to jumps between widely different states4.
It has thus been proposed that the landscape features narrow
sub-basins, separated by small barriers, that aggregate into
wider metabasins, separated by large barriers (Fig. 1). Johari-
Goldstein relaxation processes would then connect sub-basins
within a same metabasin4,5. Direct numerical investigations have
confirmed the metabasin organization and thereby improved the
phenomenological description of transport6,7. Deep within the glass
phase, the out-of-equilibrium dynamics is also unable to properly
sample the distribution of barriers associated with the complex sub-
basin structure, which could explain why describing it with a single
fictive temperature is not possible8,9.

A disordered ensemble of (nearly) hard spheres, that is,
spherical particles that cannot overlap, is often taken as a simple
model for glasses, both in theoretical and experimental studies.
The behaviour of static assemblies of macroscopic spheres10,
colloidal suspensions11–13 and dynamically agitated ensembles of
grains14 is indeed akin to that of thermal glasses. Like thermal
glasses, hard spheres can also be theoretically described in terms
of a complex free energy landscape dominated by entropic
effects15; the same analysis tools can be used for both systems16,
underlying the similarity of their dynamical behaviour17 and

of their phase diagram in terms of pressure and density18. In
addition, when hard sphere interactions are considered, a new
kind of geometric phase transition appears, the jamming
transition19–21, that can be characterized in two equivalent
ways. From a thermodynamic point of view, compressing a hard
sphere glass to infinite pressure results in an amorphous jammed
packing in which particles are completely arrested and
mechanically equilibrated18. From a rheological point of view,
hard sphere glass rigidity is entropic before reaching the jamming
transition, and (relaxing the harshness of the hard sphere
repulsion) mechanical beyond jamming, as in low-temperature
molecular glasses22. On approaching jamming, hard sphere
glasses are marginally stable23–25: they have very soft
vibrational modes and excitations that extend over a wide range
of timescales19,25 and can be characterized in terms of critical
scalings similar to ordinary phase transitions, see refs 20,21 for
reviews. The critical properties of the jamming transition hence
provide additional insights into the structure of the landscape. Yet
neither the marginality of the basins nor the smallness of the
barriers associated with the soft modes fit in the simple landscape
picture18, which is hence unable to explain the critical properties
of the jamming transition.

In the late eighties, Kirkpatrick, Thirumalai and Wolynes
proposed that mean-field disordered models contain the essential
features of glassy landscapes26–28. These models fall in two broad
universality classes: the so-called Random First Order (the simple
picture of a stable glass, with featureless basins and large
barriers)26,27 and another class where one large state is broken
up in a fractal hierarchy of basins within basins, discovered by
one of us in the Sherrington-Kirkpatrick (SK) model29,30. The
first class yields, close to the glass transition, a two-step dynamical
relaxation31 in the same universality class as the mode-coupling
theory17,32. It was thus taken to represent (fragile) structural
glasses, at least close to the glass transition—hence the name
Random First Order Transition (RFOT) associated with this
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Figure 1 | Free energy landscape with simple basins, metabasins and fractal basins. Schematic depictions of (a) the liquid state at packing fractions j
that are smaller than the glass transition jg, and of free energy basins for different landscape scenarios: (b) simple stable basins, (c) metabasins
of sub-basins (d) and metabasins of marginal basins. The simple landscape description is akin to boating on a system of lakes separated by high mountains.
In the liquid, all of space can be explored. At lower water levels, each basin is a different glass. The free energy barriers hinder passing from one
glass to another (the so-called a-relaxation); the basin width allows for vibrational relaxation. Both in c and d, the water level further determines what
features of the landscape are experienced. Deep into the glass, the landscape roughness results in intra-state barriers that are associated with secondary
relaxations. In d, at very low water levels (right)—deep into the fractal glass—lakes transform into a complex wetland with a hierarchy of small
ponds. (e) The very bottom of each of these ponds corresponds to a given realization of the force network (red lines), but the identification of the force
contacts remains undetermined before the fractal regime is reached (dashed line).
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Understanding the dynamics of glasses is one of the oldest
and most challenging problems in the theory of matter.
The classical thermodynamic picture interprets the slow

relaxation of glasses in terms of a free energy landscape with fairly
simple structural features (Fig. 1): each minimum is a stable
amorphous glass state, high frequency relaxations correspond to
vibrational excitations of the state and slow relaxations correspond
to jumps between different states1–3. Yet experimental and
numerical observations suggest that this simple landscape
description—with essentially only one type of barrier—is
insufficient to capture the complexity of glassy dynamics. Low-
temperature glasses exhibit an intermediate slow (Johari-Goldstein)
relaxation whose timescale is indeed difficult to interpret as
one corresponding to jumps between widely different states4.
It has thus been proposed that the landscape features narrow
sub-basins, separated by small barriers, that aggregate into
wider metabasins, separated by large barriers (Fig. 1). Johari-
Goldstein relaxation processes would then connect sub-basins
within a same metabasin4,5. Direct numerical investigations have
confirmed the metabasin organization and thereby improved the
phenomenological description of transport6,7. Deep within the glass
phase, the out-of-equilibrium dynamics is also unable to properly
sample the distribution of barriers associated with the complex sub-
basin structure, which could explain why describing it with a single
fictive temperature is not possible8,9.

A disordered ensemble of (nearly) hard spheres, that is,
spherical particles that cannot overlap, is often taken as a simple
model for glasses, both in theoretical and experimental studies.
The behaviour of static assemblies of macroscopic spheres10,
colloidal suspensions11–13 and dynamically agitated ensembles of
grains14 is indeed akin to that of thermal glasses. Like thermal
glasses, hard spheres can also be theoretically described in terms
of a complex free energy landscape dominated by entropic
effects15; the same analysis tools can be used for both systems16,
underlying the similarity of their dynamical behaviour17 and

of their phase diagram in terms of pressure and density18. In
addition, when hard sphere interactions are considered, a new
kind of geometric phase transition appears, the jamming
transition19–21, that can be characterized in two equivalent
ways. From a thermodynamic point of view, compressing a hard
sphere glass to infinite pressure results in an amorphous jammed
packing in which particles are completely arrested and
mechanically equilibrated18. From a rheological point of view,
hard sphere glass rigidity is entropic before reaching the jamming
transition, and (relaxing the harshness of the hard sphere
repulsion) mechanical beyond jamming, as in low-temperature
molecular glasses22. On approaching jamming, hard sphere
glasses are marginally stable23–25: they have very soft
vibrational modes and excitations that extend over a wide range
of timescales19,25 and can be characterized in terms of critical
scalings similar to ordinary phase transitions, see refs 20,21 for
reviews. The critical properties of the jamming transition hence
provide additional insights into the structure of the landscape. Yet
neither the marginality of the basins nor the smallness of the
barriers associated with the soft modes fit in the simple landscape
picture18, which is hence unable to explain the critical properties
of the jamming transition.

In the late eighties, Kirkpatrick, Thirumalai and Wolynes
proposed that mean-field disordered models contain the essential
features of glassy landscapes26–28. These models fall in two broad
universality classes: the so-called Random First Order (the simple
picture of a stable glass, with featureless basins and large
barriers)26,27 and another class where one large state is broken
up in a fractal hierarchy of basins within basins, discovered by
one of us in the Sherrington-Kirkpatrick (SK) model29,30. The
first class yields, close to the glass transition, a two-step dynamical
relaxation31 in the same universality class as the mode-coupling
theory17,32. It was thus taken to represent (fragile) structural
glasses, at least close to the glass transition—hence the name
Random First Order Transition (RFOT) associated with this
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Figure 1 | Free energy landscape with simple basins, metabasins and fractal basins. Schematic depictions of (a) the liquid state at packing fractions j
that are smaller than the glass transition jg, and of free energy basins for different landscape scenarios: (b) simple stable basins, (c) metabasins
of sub-basins (d) and metabasins of marginal basins. The simple landscape description is akin to boating on a system of lakes separated by high mountains.
In the liquid, all of space can be explored. At lower water levels, each basin is a different glass. The free energy barriers hinder passing from one
glass to another (the so-called a-relaxation); the basin width allows for vibrational relaxation. Both in c and d, the water level further determines what
features of the landscape are experienced. Deep into the glass, the landscape roughness results in intra-state barriers that are associated with secondary
relaxations. In d, at very low water levels (right)—deep into the fractal glass—lakes transform into a complex wetland with a hierarchy of small
ponds. (e) The very bottom of each of these ponds corresponds to a given realization of the force network (red lines), but the identification of the force
contacts remains undetermined before the fractal regime is reached (dashed line).
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Input 1: Glass transition — Equilibrium phase diagramme of dense packings

A. Dynamical order parameter for the glass transition

Although the phase space for this model is three dimen-
sional, we now study the model at a fixed value of Dr ¼ 1.
We then search for a dynamical order parameter that

distinguishes between the glassy and fluid states as a
function of the two remaining model parameters ðv0; p0Þ.
A candidate order parameter is the self-diffusivity Ds:
Ds ¼ limt→∞hΔrðtÞ2i=ð4tÞ. For practicality, we calculate
Ds using simulation runs of 105 time steps, chosen to be
much longer than the typical caging time scale in the fluid
regime. We present the self-diffusivity in units of D0 ¼
v20=ð2DrÞ, which is the free diffusion constant of an isolated
cell. Deff ¼ Ds=D0 then serves as an accurate dynamical
order parameter that distinguishes a fluid state from a solid
(glassy) state in the space of ðv0; p0Þ, matching the regimes
identified using theMSDandFq. In Fig. 2, the fluid region is
characterized by a finite value ofDeff andDeff drops below a
noise floor of∼10−3 as the glass transition is approached. In
practice, we label materials with Deff > 10−3 as fluids
indicated by an orange dot, and those with Deff ≤ 10−3 as
solids indicated by blue squares. Importantly, we find that
the SPV model in the limit of zero cell motility shares a
rigidity transition with the vertex model [26] at p0 ≈ 3.81,
and that this rigidity transition controls a line of glass
transitions at finite cell motilities. Typical cell tracks (Fig. 2)
clearly show caging behavior in the glassy solid phase.

B. Cell shape is a structural order
parameter for the glass transition

In glassy systems it can be difficult to experimentally
distinguish between a truly dynamically arrested state and a

state with relaxation times longer than the experimental
time window. Similarly, in tissues it is experimentally
challenging to quantify a glass transition through the
measurement of a dynamical quantity such as the diffu-
sivity Ds. Identifying a static quantity that directly probes
the mechanical properties of a tissue would, therefore, be a
powerful tool for experiments. Puliafito et al. have sug-
gested that shape changes accompany dynamical arrest in
proliferating tissues [43]. Similarly, a structural signature
based on cell shapes—the shape index q ¼ hP=

ffiffiffiffi
A

p
i—was

previously shown to be an excellent order parameter for the
confluent tissue rigidity transition in the vertex model [11].
In a model where cells were not motile (v0 ¼ 0), we found
that when p0 < 3.813, q is constant ∼3.81, and when
p0 > 3.81, q grows linearly with p0. Quite surprisingly, we
found that the prediction of q ¼ 3.813 works perfectly in
identifying a jamming transition in in vitro experiments
involving primary human tissues, where cells are clearly
motile (v0 ≠ 0) [11]. At that time, we did not understand
why the v0 ¼ 0 theory worked so well for these tissues.
The prediction of a solid-liquid transition in the SPV

model we present here provides an explanation for this
observation. We find that q (which can be easily calculated
in experiments or simulations from a snapshot) can be used
as a structural order parameter for the glass transition for all
values of v0, not just at v0 ¼ 0. Specifically, the boundary
defined by q ¼ 3.813, shown by the blue dashed line in
Fig. 2(a), coincides extremely well with the glass transition
line obtained using the dynamical order parameter, shown
by the round and square data points. The insets of Fig. 2
also illustrate typical cell shapes: cells are isotropic on

(a) (b)

FIG. 2. (a) Glassy phase diagram for confluent tissues as a function of cell motility v0 and target shape index p0 at fixedDr ¼ 1. Blue
data points correspond to solidlike tissue with vanishing Deff ; orange points correspond to flowing tissues (finite Deff ). The dynamical
glass transition boundary also coincides with the locations in phase space where the structural order parameter q ¼ hP=

ffiffiffiffi
A

p
i ¼ 3.81

(dashed line). In the solid phase, q ≈ 3.81, and q > 3.81 in the fluid phase. (b) Instantaneous tissue snapshots show the difference in cell
shape across the transition. Cell tracks also show dynamical arrest due to caging in the solid phase and diffusion in the fluid phase.
Simulations videos of typical fluid and solid phases are included in Supplemental Materials [42].
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Figure 3
The three phases of hard spheres. (Column 1) In the liquid all of phase space can be dynamically reached. The long-time limit of the
mean-square displacement is infinite and diffusive. Spheres are not caged. (Column 2) For ϕ̂g > ϕ̂d and for ϕ̂ ∈ [ϕ̂g, ϕ̂G(ϕ̂g)], the system
is a normal glass. Phase space is broken into an exponential number of metastable states, which results in disconnected clusters of
configurations. Starting from a configuration within a given cluster, only configurations within that cluster can be dynamically reached.
Because these configurations correspond to caged spheres vibrating around an amorphous lattice, the mean-square displacement has a
finite long-time limit "(t) → "1 that is proportional to the amplitude of these vibrations. (Column 3) For ϕ̂ > ϕ̂G(ϕ̂g), the system is a
marginal glass. The metastable states become basins of hierarchically organized configurations. Different typical configurations can be
at different mutual distances, "i . The long-time dynamics of "(t) is not stationary but displays an infinite series of plateaus. Vibrations
are very spatially heterogeneous with correlated regions of highly vibrating spheres and regions with nearly frozen spheres.

At higher densities, however, the system enters the marginal glass phase (Figure 3, column
3). There, various amorphous lattices (glassy states) belong to a same metabasin and are orga-
nized hierarchically. For the sake of illustration, consider a k-step RSB approximation of phase
space in that regime. At the very bottom of the hierarchy a state is made by vibrations around an
amorphous lattice with an amplitude "k. Two amorphous lattices can be at only k − 1 different
mean-square displacements {"k − 1, . . . , "1}. For each triplet of amorphous lattices, at least two of
the three distances must be equal, which makes the space ultrametric (see Figure 3, column 3, top
panel for k = 4). The complete solution of hard spheres in d → ∞ requires an infinite number
of hierarchical levels and k → ∞ (full RSB solution) with infinitesimally close distances "i , "i+1.
The spheres vibrate around positions on an amorphous lattice followed by (infinitely) slow
changes of the amorphous lattice itself, giving rise to a sequence of infinitely close plateaus in the
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marginal glass. The metastable states become basins of hierarchically organized configurations. Different typical configurations can be
at different mutual distances, "i . The long-time dynamics of "(t) is not stationary but displays an infinite series of plateaus. Vibrations
are very spatially heterogeneous with correlated regions of highly vibrating spheres and regions with nearly frozen spheres.

At higher densities, however, the system enters the marginal glass phase (Figure 3, column
3). There, various amorphous lattices (glassy states) belong to a same metabasin and are orga-
nized hierarchically. For the sake of illustration, consider a k-step RSB approximation of phase
space in that regime. At the very bottom of the hierarchy a state is made by vibrations around an
amorphous lattice with an amplitude "k. Two amorphous lattices can be at only k − 1 different
mean-square displacements {"k − 1, . . . , "1}. For each triplet of amorphous lattices, at least two of
the three distances must be equal, which makes the space ultrametric (see Figure 3, column 3, top
panel for k = 4). The complete solution of hard spheres in d → ∞ requires an infinite number
of hierarchical levels and k → ∞ (full RSB solution) with infinitesimally close distances "i , "i+1.
The spheres vibrate around positions on an amorphous lattice followed by (infinitely) slow
changes of the amorphous lattice itself, giving rise to a sequence of infinitely close plateaus in the
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Driving 
(e.g. shear)



Input 2: Quasistatic shear
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dynamics
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Full-RSB solution: C. Rainone & P. Urbani, J. Stat. Mech. 2016, 053302 (2016).
RS solution: C. Rainone, P. Urbani, H. Yoshino, F. Zamponi, Phys. Rev. Lett. 114, 015701 (2015).

Liu-Nagel diagram in infinite dimension: G. Biroli & P. Urbani, SciPost Phys.. 4, 020 (2018).
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Input 2: Quasistatic shear
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G. Szamel, Phys. Rev. Lett. 119, 155502 (2017).

Equilibrium 
dynamics

A. Manacorda, G. Schehr & F. Zamponi, J. Chem. Phys. 152, 164506 (2020).
C. Liu, G. Biroli, D. R. Reichman, & G. Szamel, Phys. Rev. E 104, 054606 (2021).

Full-RSB solution: C. Rainone & P. Urbani, J. Stat. Mech. 2016, 053302 (2016).
RS solution: C. Rainone, P. Urbani, H. Yoshino, F. Zamponi, Phys. Rev. Lett. 114, 015701 (2015).

Liu-Nagel diagram in infinite dimension: G. Biroli & P. Urbani, SciPost Phys.. 4, 020 (2018).

SciPost Phys. 4, 020 (2018)

�

1/��

0.110.120.130.140.150.160.170.18

0
0.1

0.2
0.3

0.4
0.5

0.6

0

0.05

0.1

0.15

0.2

0.25

Dynamical line
Gardner line
Yielding line

Liu-Nagel Phase Diagram

�T

Figure 1: The mean field theory Liu-Nagel phase diagram. Glasses prepared in the
(1/ b', bT ,� = 0) plane are strained. b' and bT are scaled packing fraction and temperature
These scalded variables are defined in the text in Eq. (18) and Eq. (42). Upon straining each
glass undergoes first a Gardner transition and then a yielding instability. There are thus two
surfaces: the most external one is the yielding surface and the internal is the Gardner one.
Note that there is no Gardner transition in the plane at � = 0. Indeed the plot we show here
must be intended to be what is got when an equilibrium glass prepared in the glass region of
the � = 0 plane is strained. This can be also seen from Fig. (2) that gives the � = 0 plane.
Furthermore the yielding transition point must be intended to be only approximate because it
is obtained through a 1RSB computation which is unstable beyond the Gardner surface.

system inside this restricted portion is still exponentially fast (it happens on the timescale of
� -relaxation). Thus we can study the Boltzmann measure restricted to this metastable state.
Let us consider a glass state prepared at ('g ,�g) and then cooled or compressed up to the
state point (',�). We allow also the possibility to introduce a strain � with a deformation of
the box in which the system is placed. We will denote the interaction potential in the strained
box as V̂�(r). The free energy of such state is given by

f
⇥
↵('g ,�g),� ,',�

⇤
= �

1
�N

ln
ˆ

X2↵('g ,�g )
dXe��V �[X ;'], (1)

where V�[X ;'] =
P

i< j V̂�(xi � x j) and N is the system size. The notation X 2 ↵('g ,�g)
denotes that we are summing up only configurations in phase space that belong to the ergodic
component ↵('g ,�g). The free energy (1) is called the Franz-Parisi potential and it has been
introduced in spin glasses in [7] and it has been applied to structural glasses in [10, 38, 39].
For completeness, here we will discuss again this construction. For each given state point
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Out-of-equilibrium 
Dynamical Mean-Field Theory (DMFT)



DMFT — Starting point: Langevin dynamics

Brownian motion: thermal bath

Solvent
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~x(t)

Dense assemblies of particles 
of similar sizes
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Self-generated by the interactions

Effective 
"friction"
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Equilibrium-like  
white Gaussian noise

<latexit sha1_base64="PD3xpj8AvtnDX1YDjGz/de0ZCoA="></latexit> ⇢
h~⇠(t)i = 0
h⇠µ(t) ⇠⌫(t0)i = 2⇣T �(t� t0)

<latexit sha1_base64="yS4qadYvn/023sSGAP5Uozxj8ag="></latexit>
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DMFT — Limit of infinite spatial dimension                 

Many-body Langevin
Effective scalar 

Langevin

Spatial fluctuations are 
suppressed with d ! 1
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⇒ mean-field description 
exact in this limit      

Review book for             :  G. Parisi, P. Urbani & F.  Zamponi, "Theory of simple glasses", Cambridge University Press (2020)d ! 1
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DMFT — Limit of infinite spatial dimension                 



DMFT — Two complementary derivations

Many-body Langevin
Effective scalar 

Langevin

Under global shear:  E. Agoritsas, T. Maimbourg & F. Zamponi, J. Phys. A 52, 334001 (2019).Out-of-
equilibrium

Isotropic case:  E. Agoritsas, T. Maimbourg & F. Zamponi, J. Phys. A 52, 144002 (2019).

Under local forcing: E. Agoritsas, J. Stat. Mech. 2021, 033501(2021).

Dynamical cavity

[Taylor-expanding in 1/d]

MSR dynamical 
action

Martin-Siggia-Rose 
formalism

Martin-Siggia-Rose 
formalism (reverse recipe)

Effective MSR action

Path-integral saddle point
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d ! 1

[Supersymmetric formulation]

E. Agoritsas, G. Biroli, P. Urbani & F. Zamponi, J. Phys. A 51, 085002 (2018).

Continuous random perceptron (similar derivations)Generic 
approach!

T. Maimbourg, J. Kurchan & F. Zamponi, Phys. Rev. Lett. 116, 015902 & J. Stat. Mech. 2016, 033210 (2016).
G. Szamel, Phys. Rev. Lett. 119, 155502 (2017).Equilibrium 

dynamics
A. Manacorda, G. Schehr & F. Zamponi, J. Chem. Phys. 152, 164506 (2020).
C. Liu, G. Biroli, D. R. Reichman, & G. Szamel, Phys. Rev. E 104, 054606 (2021).
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⇣u̇i(t) = �k(t)ui(t) +

Z t

0
dsMR(t, s)ui(s) + F̃f

i (t) + ⇠i(t)
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Interactions treated perturbatively for ‘small’ displacements: 

A few key physical assumptions specific to high dimensions:

Particles stay ‘close’ to their initial position:

Each particle has numerous uncorrelated neighbours.

Statistical isotropy of the system (in absence of shear).

ui(t) = xi(t)� xi(0) ⇠ O(1/d)
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DMFT — Dynamical cavity: Effective stochastic processes WITHOUT SHEAR

Interaction term



k(t) ⇠ hr2vi ,
MC(t, s) ⇠ hrv ·rvi
MR(t, s) ⇠ �hrvi/�P
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Mean-field kernels
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Interactions treated perturbatively for ‘small’ displacements: 

A few key physical assumptions specific to high dimensions:

Particles stay ‘close’ to their initial position:

Each particle has numerous uncorrelated neighbours.

Statistical isotropy of the system (in absence of shear).
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DMFT — Dynamical cavity: Effective stochastic processes WITHOUT SHEAR

Same procedure for the interparticle distance wij(t) = ui(t)� uj(t) ⇠ O(1/d)
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hij(t) ⇠ O(d0)⇒   Same for the gap   



Take-home messages
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(...)

Structural glasses ↔ landscape picture & its statistical features 

⇒ Direct translation to specific properties, therefore tunable by well-devised preparation/driving protocols

High-dimensional landscape with extrema/saddle-points/flat directions ⇒ Lineland intuition might be misleading

Infinite-dim. limit provides exact analytical benchmarks, useful to capture low-dim. physics related to metastable states

Great 'mean-field' successes: glass transition, mechanical heterogeneities, jamming criticality (based on statics)

Questions generic for driven disordered/complex systems, e.g. in machine-learning training algorithms 

Next step: dynamics ⇒ Out-of-equilibrium Dynamical Mean-Field Theory (DMFT), e.g. link to dense active matter



"More is different"

XKCD for the New York Times, "What Makes Sand Soft?" (2020/11/09)

P. W. Anderson, Science (1972) "More is different"

[⇒ Memory formation in matter]


